International Journal of Foundations of Computer Science

cfl World Scientific Publishing Company

TOPOLOGICAL CONSTRAINTS FOR SENSE OF DIRECTION^∗

PAOLA FLOCCHINI Département d’Informatique et Recherche Operationnelle Université de Montréal (flocchini@iro.umontreal.ca) and NICOLA SANTORO School of Computer Science Carleton University (santoro@scs.carleton.ca)

Received (received date) Revised (revised date) Communicated by Editor’s name

ABSTRACT In a distributed system, each entity has a label (port number) associated to each of its neighbors. It is well known that if the labeling satisfies a global consistency property called Sense of Direction, the communication complexity of many distributed problem can be greatly reduced. This property is assumed to be present and it is implicitly used in most interconnection networks.

In this paper we investigate the nature of the relationship between Sense of Direction and network topology. We first consider the class of labelings which only satisfy the requirement of local orientation; that is, at each node, the outgoing edges have distinct labels. We then consider the class of labelings which also satisfy edge symmetry; that is, there exists a correlation between the labels neighbors give to their connecting edge. This class includes most of used labelings. We completely characterize the interplay between topological constraints and consistency constraints for these two classes of labelings. In fact, for each class, we identify both the set of forbidden subgraphs and the set of feasible graphs, and we show that the characterization is complete.

Keywords: Sense of Direction, Network Topology, Distributed Computing.

1. Introduction

A distributed system is a collection of processing entities (e.g., processors) which communicate by exchanging finite sequences of bits (i.e., messages). The communication topology of the system is a graph G(V, E) where nodes correspond to processing entities, and edges correspond to direct bidirectional communication links between

�A preliminary version of this paper has been presented to the 2nd Colloquium on Structural Information and Communication Complexity

entities. Every entity has a local label (also called port number) associated with each of its incident links. Let λ_x(⟨x, z⟩) denote the label associated by x to the incident link ⟨x, z⟩. Each entity x refers to the other entities using local labels called names. Let β_x(y) be the name associated by x to y. These local names are not necessarily identities (i.e., unique global identifiers); in fact, the system could be anonymous.

The entire system is thus described by the triple (G, λ, β), where λ = {λ_x : x ∈ V } is the labeling function describing the association of port numbers to edges, and β = {β_x : x ∈ V } is the naming function describing the association of local names to nodes.

Some assignments of port numbers (i.e., some labelings λ) have properties which can be exploited in the solution of distributed problems (e.g., routing, election, traversal). Of particular interest is the property called Sense of Direction (SD)^{1,2,3}. It is well known that the presence of Sense of Direction can have a dramatic effect on the performance of communication protocols for a large class of distributed problems including election and spanning-tree construction (e.g., see^{4,5,6,7,8,9,10,11,12,13}), depth-first traversal^{14,15}, distributed function evaluation (e.g., see^{16,17,18,19,20,21}), clock synchronization^{22}, etc.

Observe that almost all the labelings considered in the studies of interconnection networks are SDs. In other words, the existing results (e.g.,^{23,24,25,26,27}) show that Sense of Direction has an immediate impact on most communication problems in interconnection networks: e.g., broadcasting, gossiping, routing, permuting, etc.

Similarly, in redundant ring networks (e.g.,^{28,29,31}) some results on reconfiguration implicitly exploit the fact that the labeling has Sense of Direction^{32,33}.

Because of this impact on complexity, the characterization and the analysis of the properties of Sense of Direction are clearly important, from both theoretical and practical point of views.

Most of the existing research has focused on the study of specific labelings in specific topologies: the “left-right” labeling of rings (e.g.,^{34,35,36,37}), chordal labelings in complete networks and chordal rings (e.g.,^{38,10}), dimensional labelings in hypercubes (e.g.,^{4,11}), compass labelings in meshes and tori (e.g.,^{16,39,40}), contracted labeling in most interconnection networks, etc.

Questions have also been posed at a more general level, focusing e.g. on the study of the computational capabilities of SD^{41}, and on the analysis of the complexity of determining whether a labeling is a SD^{42}.

The set of global consistency constraints which define Sense of Direction simultaneously link both “semantic” and “topological” aspects. There is no doubt that the network topology has an immediate and crucial impact in determining when the “semantic” constraints can be satisfied. On the other hand, very little is known on the nature of this impact.

In this paper, we investigate the nature of the strong interplay existing between the structure of the system (i.e., topology of the graph G) and the consistency properties which a labeling must satisfy to be a SD. In particular, we are interested in the following question:

Given a labeling property P, under what topological conditions the labelings satisfying P will always be globally consistent? In other words, for which graphs, P implies Sense of Direction? and for which graphs SD is not implied by P ?

In this paper, we provide a complete answer for two large classes of labelings, Local Orientations (LO), and Locally Symmetric Orientations (LSO).

Local orientations are labelings where, at each node, the edges incident to it have distinct labels. This property is the minimal requirement for SD as well as for most computations.

Locally symmetric orientations LSO are those local orientations which satisfy also the edge symmetry constraint: there exists a correlation between the labels neighbors give to their connecting edge. Observe that most labeling are locally symmetric orientations; e.g., the “left-right” labeling of rings, the chordal labelings in complete networks and chordal rings, the dimensional labelings in hypercubes, compass labelings in meshes and tori, contracted labeling, etc.

For each class of labeling, we identify and characterize both the set of forbidden subgraphs and the set of feasible graphs.

This characterization is complete: as we show, every graph is either feasible or contains a forbidden subgraph.

Not surprisingly, local orientation does not suffice for Sense of Direction except for trivial graphs. On the other hand, the simultaneous presence of local orientation and edge symmetry guarantees Sense of Direction in a large class of graphs, most interconnection networks, etc.

In our results, an important role is played by a special class of graphs, the spiked rings which appear in the characterization of both forbidden and feasible graphs.

These results formally characterize for the first time the nature of the interplay between network topology and Sense of Direction for LO, and LSO labelings.

In view of the impact of SD on complexity and of the generality of these classes of labelings, these results constitute a solid step towards the understanding of the nature of the relationship between distributed computing and interconnection networks.

2. Definitions

2.1. Orientations

The communication topology of a distributed system is a connected graph G(V, E) where nodes correspond to processing entities and edges correspond to direct bidirectional communication links between entities. Given x ∈ V , let E(x) ⊆ E denote the set of edges incident to x. A walk in G is a sequence of edges [⟨x_0, x_1⟩, ⟨x_1, x_2⟩, . . ., ⟨x_{m−1}, x_m⟩], ⟨x_i, x_{i+1}⟩ ∈ E(x_i), in which the endpoint of one edge is the starting point of the next edge. In the following, a walk will be denoted also as the ordered sequences of the nodes [x_0, x_1, . . . , x_m], when no ambiguity arises. A walk is a path if x_i ≠ x_j for i ≠ j, and it is a cycle if x_0 = x_m. Let P [x] denote the set of all the walks with x ∈ V as a starting point, and let P [x, y] denote the set of walks starting from node x ∈ V and ending in node y ∈ V .

Every node x ∈ V has a label (also called port number), from a set of labels L, associated to each of its incident edges; let λ_x(⟨x, z⟩) denote the label associated by x to ⟨x, z⟩ ∈ E(x). Let λ = {λ_x : x ∈ V } be the labeling function and let Λ be its extension from edges to walks, that is: Λ( [⟨x_0, x_1⟩, . . ., ⟨x_{m−1}, x_m⟩] ) = [λ_{x0} (⟨x_0, x_1⟩), . . ., λ_{xm−1} (⟨x_{m−1}, x_m⟩)] . Let ∘ denote the concatenation of strings.

Each node x refers to the other nodes using local labels, called names, from a set N ; let β_x(y) be the name associated by x to y. These local names are not necessarily identities (i.e., unique global identifiers); in fact, the system could be anonymous.

The entire system can thus be described as the triple (G, λ, β), where λ = {λ_x : x ∈ V } is the labeling function and β = {β_x : x ∈ V } is the naming function.

A basic computational requirement in a system (G, λ, β) is that each entity has local orientation; that is, it can distinguish among its neighboring entities. In other words:

Definition 1 LO - Local Orientation A labeling λ is a Local Orientation iff ∀x ∈ V, ∀e_1, e_2 ∈ E(x),

λ_x(e_1) = λ_x(e_2) iff e_1 = e_2

In most systems, there exists a predetermined relation between the labels at the two side of an edge; e.g., the “left” and “right” labels in a ring. A labeling has edge symmetry iff there exists a function ψ : L → L, such that, ∀⟨x, y⟩ ∈ E, λ_x(⟨x, y⟩) = ψ(λ_y (⟨y, x⟩)). Let Ψ : L^+ → L^+ be the extension of the edge symmetry function from edges to walks.

Definition 2 LSO - Locally Symmetric Orientation A labeling is a Locally Symmetric Orientation when it is a local orientation with edge symmetry.

Let us observe that most of the labelings studied in the literature are LSO.

2.2. Sense of Direction and Global Consistency

A coding function f in (G, λ, β) is a function which maps to names the sequences of labels associated to walks in G. A coding function f is consistent if ∀x, y ∈ V, π ∈ P [x, y], f(Λ_x(π)) = β_x(y); in other words, it maps all the (sequences of labels associated to) walks from x to y into the name that x associates to y. By definition of β, this implies that ∀π_1 ∈ P [x, y], π_2 ∈ P [x, z], f(Λ_x(π_1)) = f(Λ_x(π_2)) iff y = z.

A decoding function h is a function which associates a name to a given name and a label. Given a consistent coding function f, a decoding function h is consistent for f if ∀⟨x, y⟩ ∈ E(x), ∀π ∈ P [y, z] h(λ_x(⟨x, y⟩), f(Λ_y(π)))= β_x(z). In other words, a consistent decoding function allows a node to “translate” names that neighbors associate to nodes into its own local names for those nodes. Definition 3 SD - Sense of Direction Given (G, λ, β), λ is a Sense of Direction if the following conditions hold: 1) There exists a consistent coding function f. 2) There exists a consistent decoding function h for f.

Notice that SD requires local orientation. Definition 4 Inconsistency and Global Consistency Given a labeled graph (G, λ), λ is globally consistent if there exists a β such that λ is a SD in (G, λ, β); otherwise, λ is said to be inconsistent.

In other words, λ is inconsistent if λ is not a SD in (G, λ, β) for any choice of β.

2.3. Spiked Rings

In this Section we introduce a class of graphs, here termed Spiked Ring, which will be used in the following sections.

Given a rooted tree T , let r(T ) denote the root of T and h(T ) denote the height of T .

Definition 5 Spiked Rings Let T^1, T^2, . . . , T^n be non-empty rooted trees. A spiked ring of size n with spike structure {T^1, . . . , T^n} is the graph, denoted by R_n⟨T^1, . . . , T^n⟩, obtained by connecting each root r(T^i) with roots r(T^{i−1}) and r(T^{i+1}), where the operations on the indices are modulo n. Each tree T^i will be called a spike. SSu ææu LL^{�ææ}ææ^{hhh} uu uu uu^{HH}u”!

#u uuuuu u u^SSS´´_{””} u uLL^{bb}_{Figure 1: A spiked ring.}

A class of spiked rings of particular interest in this paper is the one of the hat. Let L_n denote a chain of size n. Definition 6 Hat Rings A spiked ring R_n⟨T^1, . . . , T^n⟩ is said to be a (p, q)-hat ring, denoted by cR_n(p, q), if ∃i, j such that T^i = L_p, T^j = L_q , (j − i)modn = p + q and T_k = L_0 ∀i ≠ k ≠ j. That is, a (p, q)-hat ring is a ring with two spikes, which are chains, one of length p and the other of length q, at distance p + q from each other.

Some particular spiked rings which will be used in the following are: the spider and the hat-free spider. Definition 7 Spider A spiked ring R_n⟨T^1, . . . , T^n⟩ is said to be a spider, denoted by S_n, if ∀i, h(T^i) = 1. Definition 8 Hat-free spider A spider S_n is said to be a hat-free spider, denoted by S_n, if it does not contain any (1,1)-hat ring.

In the following we shall denote by R_n a ring of size n, by K_n a complete graph of size n, by T_n a tree of size n, and by R_{n;h} a ring of size n with h bisecting chords.

3. Constraints for LO

In this section we consider labelings which satisfy only the constraint of local orientation, that is, all edges incident to the same node have different local labels. We show that local orientation is sufficient for SD only in trivial graph. Lemma 1 Given a labeled graph (G^′, λ^′), where G^′ ⊆ G, and λ^′ is a local orientation, there exists a completion λ of λ^′ in G, such that λ is a local orientation in G. Proof. Trivial, e.g., by assigning distinct labels to all edges in G − G^′. 2 Theorem 1 Local orientation is not sufficient for SD in R_3, nor in any graph with n > 3 nodes.

Proof. We first consider the case G = R_3.

Case a). Let [x, y, z] be the nodes of R_3. Let a, b be two distinct labels in L. Label the edges ⟨x, y⟩, ⟨y, x⟩, and ⟨z, x⟩ with a; and label ⟨y, z⟩, ⟨z, y⟩ and ⟨x, z⟩ with b. (see Figure 2). By contradiction, suppose this labeling is a SD and let f be the corresponding coding function. By definition of consistent coding function, f(Λ_x(⟨x, y⟩, ⟨y, z⟩)) = f(Λ_x(⟨x, z⟩)); that is, f([a, b]) = f(b). However, also by definition of consistent coding function, f(Λ_z (⟨z, x⟩, ⟨x, z⟩)) ≠ f(Λ_z (⟨z, y⟩)); that is, f([a, b]) ≠ f(b) which yields the contradiction.

w z y x b a a a b b z x y

w a c b b a b b b a b a a

                                              Case c)
                    Case b)

Case a)

u u^{�eee} u u u u u u u u u^{SSS}SS�^�x y^z

Figure 2: Proof of Theorem 1.

Consider now the case when G has n > 3 nodes. We will consider two sub-cases, depending on whether or not there exists in G a node of degree 3. Case b): There exists a node of degree at least 3.

Let x be this node, and let y, z, w be its neighbors. Let a, b, c be three distinct labels in L. Label the edges ⟨x, y⟩ and ⟨w, x⟩ with a; ⟨y, x⟩, ⟨x, z⟩ and ⟨z, x⟩ with b; and ⟨x, w⟩ with c (see Figure 2). Complete the labeling of G maintaining the property of local orientation (this is always possible by Lemma 1). By contradiction, suppose this labeling is a SD and let f be the corresponding coding function. By definition of consistent coding function, f(Λ_x(⟨x, y⟩, ⟨y, x⟩, ⟨x, z⟩)) = f(Λ_x(⟨x, z⟩)); that is, f([a, b, b]) = f(b) (see Figure 2). However, also by definition of consistent coding function, f(Λ_w (⟨w, x⟩, ⟨x, z⟩, ⟨z, x⟩)) = f(Λ_w(⟨w, x⟩)); that is, f([a, b, b]) = f(a). It follows that f(a) = f(b). Consider the local names that x associates to y and z; β_x(y) = f(a) and β_x(z) = f(b), thus, β_x(y) = β_x(z) which contradicts the definition of naming function.

Case c): There are no nodes of degree 3 In this case, there must exist in G a path of length p > 2. Let x, y, z, w ∈ V be consecutive nodes on such a path. Let a, b, c be three distinct labels in L. Label the edges ⟨y, z⟩, ⟨z, w⟩, and ⟨w, z⟩ with a; ⟨x, y⟩, ⟨y, x⟩, and ⟨z, w⟩ with b (see Figure 2). Complete the labeling of G maintaining the property of a local orientation (this is always possible by Lemma 1). By contradiction, suppose this labeling is a SD and let f be the corresponding coding function. By definition of consistent coding function, it must be f(Λ_z (⟨z, w⟩, ⟨w, z⟩, ⟨z, w⟩)) = f(Λ_z(⟨z, w⟩)); that is, f([b, a, b]) = f(b) (see Figure 2) However, also by definition of consistent coding function, f(Λ_x(⟨x, y⟩, ⟨y, z⟩, ⟨z, w⟩)) = β_x(w); that is, f([b, a, b]) = β_x(w) and f(Λ_x( ⟨x, y⟩ )) = β_x(y); that is, f(b) = β_x(y). It follows that β_x(w) = β_x(y) which yields the contradiction. 2 It is easy to see that Theorem 2 Local orientation is sufficient for SD in L_n, with n ≤ 3. From Theorems 1 and 2, it follows that Theorem 3 Every local orientation λ of G is globally consistent iff G = L_n, with n ≤ 3. 4. Forbidden Subgraphs for LSO

In this section we consider the class of local orientations which satisfy also the edge symmetry constraint; that is, on each edge, the label at one side is a function of the label at the other side (Locally Symmetric Orientation). We characterize the class of graphs in which locally symmetric orientation is not sufficient for SD, by showing a set of forbidden subgraphs.

The following lemma shows a structural condition under which a given labeling is inconsistent.

Lemma 2 Let λ have edge symmetry in (G, λ). If there exist x, y, z ∈ V, y ≠ z and π_1 ∈ P [x, x], π_2 ∈ P [y, z] such that

Λ_x(π_1) = Λ_y(π_2)

then λ is inconsistent in G.

Proof. Let λ have edge symmetry in (G, λ), and let x, y, z ∈ V, y ≠ z and π_1 ∈ P [x, x], π_2 ∈ P [y, z] such that Λ_x(π_1) = Λ_y(π_2).

By contradiction, let β denote a naming function such that λ is a SD in (G, λ, β). Let f be the corresponding consistent coding function.

Consider an arbitrary node w ∈ π_1. It divides π_1 in two sub-walks π_{1,1} ∈ P [x, w] and π_{1,2} ∈ P [w, x] (such that π_1 = π_{1,1}∘π_{1,2}). Let α_1 = Λ_x(π_{1,1}) and α_2 = Λ_w(π_{1,2}). Since Λ_x(π_1) = Λ_y(π_2), there exists a node w^′ ∈ π_2 which divides π_2 in two subwalks π_{2,1} ∈ P [y, w] and π_{2,2} ∈ P [w, z] such that α_1 = Λ_y(π_{2,1}) and α_2 = Λ_w(π_{2,2}).

w α2 α_1 u u u z

y α_2 α_1

                      w

x u uØŒ øÆ �

Figure 3: Proof of Lemma 2.

By definition of Sense of Direction and of edge symmetry function,

f(Ψ(Λ_w (π_{1,1}))) = f(Λ_w (π_{1,2}))

that is, f(α_2) = f(Ψ(α_1))

where ψ and Ψ denote the edge and walk symmetry function, respectively. However, by definition of Sense of Direction and of edge symmetry function,

f(Ψ(Λ_w′ (π_{2,1}))) ≠ f(Λ_w′ (π_{2,2}))

that is, f(α_2) ≠ f(Ψ(α_1))

which yields the contradiction. 2 In other words, there exist locally symmetric orientations for which there is no naming function which would make the labeling a Sense of Direction.

Lemma 3 Given a labeled graph (G^′, λ^′), where G^′ ⊆ G, and λ^′ is a locally symmetric orientation, there exists a completion λ of λ^′ in G, such that λ is a locally symmetric orientation.

Proof. Trivial, e.g., by assigning distinct labels to all edges in G − G^′. 2

Theorem 4 Locally symmetric orientation is not sufficient for SD in a graph containing any of the following subgraphs: a) a (1, 0)-hat ring dR_{2n}(1, 0); b) a (2, 0)-hat ring dR_{2n+1}(2, 0); c) a (1, 1)-hat ring dR_{2n+1}(1, 1);

d) a ring of size four with one chord R_{4;1}.

Proof. By contradiction, let G contain one of the above forbidden subgraphs and let any LSO in G be a SD. We will consider the four cases separately. Case a): G contains a (1, 0)-hat ring of even size.

In dR_{2n}(1, 0), let [y_0, y_1 . . . y_m] be the nodes of the ring, m = 2n − 1, and let ⟨x, y_0⟩

be the spike. Let a, b be two distinct labels. Label the edges ⟨x, y_0⟩ and ⟨y_0, y_1⟩ with a; and label ⟨y_1, y_0⟩ and ⟨y_0, x⟩ with b. Label the path [⟨y_1, y_2⟩, . . . , ⟨y_m, y_0⟩] with a palindrome string α ∈ L^{2n−1}; i.e. Λ_{y1} ( [⟨y_1, y_2⟩, . . . , ⟨y_m, y_0⟩]) = Λ_{y0} ([ ⟨y_0, y_m⟩, ⟨ y_m, y_{m−1} ⟩, . . ., ⟨y_2, y_1⟩]) = α (this is possible, since the length of the path is odd). This labeling of dR_{2n}(1, 0) is clearly a LSO. Complete the labeling of G maintaining the property of locally symmetric orientation (this is possible by Lemma 3). Consider the path π_1 = [x, y_0, y_m, y_{m−1}, . . . y_1] ∈ P [x, y_1] and the cycle π_2 = [y_0, y_1, . . . , y_m, y_0] ∈ P [y_0, y_0]; we have that Λ_x(π_1) = [a ∘ α] = Λ_{y0} (π_2). By Lemma 2 it follows that λ is inconsistent, yielding the contradiction.

R_{4;1}u u

uu_{,,,,,} ”!#

”!#u u uuu”!# u u u^{aa !!}u u

dR_{2n}(1, 0) dR_{2n+1}(2, 0) dR_{2n+1}(1, 1)

Figure 4: LSO-forbidden graphs

Case b): G contains a (2, 0)-hat ring of odd size.

In dR_{2n+1}(2, 0), let [y_0, y_1 . . . y_m] be the nodes of the ring, where m = 2n, and let

[x_0, x_1, y_0] be the nodes of the spike. Let a, b be two distinct labels. Label the edges ⟨x_0, x_1⟩ and ⟨y_0, y_1⟩ with a; and label ⟨x_1, y_0⟩ and ⟨y_1, y_2⟩ with b. Label the path [⟨ y_2, y_3 ⟩, . . ., ⟨ y_m, y_0 ⟩ ] with a palindrome string α ∈ L^{2n−1}, i.e., Λ_{y2} ( [⟨y_2, y_3⟩, . . . , ⟨y_m, y_0⟩]) = Λ_{y0} ([⟨y_0, y_m⟩, ⟨y_m, y_{m−1}⟩, . . . , ⟨y_3, y_2⟩]) = α (this is possible, since the length of the path is odd). This labeling of dR_{2n}(2, 0) is clearly a LSO. Complete the labeling of G maintaining the property of LSO (this is possible by Lemma 3). Consider the path π_1 = [x_0, x_1, y_0, y_m, y_{m−1}, . . . y_2] ∈ P [x_0, y_2] and the cycle π_2 = [y_0, y_1, . . . , y_m, y_0] ∈ P [y_0, y_0]; we have that Λ_x(π_1) = [a ∘ b ∘ α] = Λ_{y0} (π_2). By Lemma 2 it follows that λ is inconsistent, yielding the contradiction. Case c): G contains a (1, 1)-hat ring of odd size.

In dR_{2n+1}(1, 1), let [y_0, y_1 . . . y_m] be the nodes of the ring, where m = 2n, and

let ⟨u, y_0⟩ and ⟨v, y_2⟩ be the two spikes of length one, at distance two from each other. Let a, b be two distinct labels. Label the edges ⟨u, y_0⟩ and ⟨y_1, y_2⟩ with a; and label ⟨v, y_2⟩ and ⟨y_0, y_1⟩ with b. Label the path [⟨y_2, y_3⟩, . . . , ⟨y_m, y_0⟩] with a palindrome string α ∈ L^{2n−1}, i.e, Λ_{y2} ( [⟨y_2, y_3⟩, . . . , ⟨y_m, y_0⟩]) = Λ_{y0} ([⟨y_0, y_m⟩, ⟨y_m, y_{m−1}⟩, . . . , ⟨y_3, y_2⟩]) = α (this is possible, since the length of the path is odd). This labeling of dR_{2n+1}(1, 1) is clearly a LSO. Complete the labeling of G maintaining the property of LSO (this is possible by Lemma 3).

Consider the path π_1 = [u, y_0, y_m, y_{m−1}, . . . y_2, v] ∈ P [u, v] and the cycle π_2 = [y_1, . . ., y_m, y_0, y_1] ∈ P [y_1, y_1]; we have that Λ_x(π_1) = [a ∘ α ∘ b] = Λ_{y0} (π_2). By Lemma 2 it follows that λ is inconsistent, yielding the contradiction.

Case d): G contains R_{4;1}.

In R_{4;1}, let [x, y, z, w] be the nodes of the ring, and let ⟨y, w⟩ be the chord. Let a, b, c, ā, b̄ be five distinct labels. Label the edges ⟨x, y⟩ and ⟨w, z⟩ with a; label ⟨y, x⟩ and ⟨z, w⟩ with ā; label ⟨y, w⟩ and ⟨z, y⟩ with b; label ⟨w, y⟩ and ⟨y, z⟩ with b̄; and label ⟨x, w⟩ and ⟨w, x⟩ with c. This labeling of R_{4;1} is clearly a LSO. Consider the cycle π_1 = [w, y, x, w] ∈ P [w, w] and the path π_2 = [y, z, w, x] ∈ P [y, x]; we have that Λ_w(π_1) = [b̄, ā, c] = Λ_y(π_2).

By Lemma 2 it follows that λ is inconsistent, yielding the contradiction. 2 In other words, given a labeled graph (G, λ), for λ to be globally consistent consistent, and, thus, to be a SD, it is necessary that G does not contain any of the graphs indicated above.

In the following, the (1, 0)-hat ring of even size, the (2, 0)-hat ring, (1, 1)-hat ring of odd size, and the ring of size four with one chord R_{4;1} will be called LSO-forbidden graphs (see Figure 4).

5. Feasible graphs for LSO

In this Section, we characterize the class of graphs (LSO-feasible graphs) in which every locally symmetric orientation is globally consistent.

Given a graph (G, λ), let H_{G,λ} = {α ∈ L^+ : ∃x, y ∈ V, π ∈ P [x, y], α = Λ_x(π)} be the set of the sequences of labels which correspond to actual walks in the graph (in the following, when no ambiguity arises, the subscript G, λ will be omitted).

5.1. Trees

Definition 9 Simple contraction Given α ∈ L^+ , a simple contraction α of α is the sequence of labels obtained from α by repeatedly deleting every pair of consecutive labels l, l^′ such that l = ψ(l^′). Theorem 5 Locally symmetric orientation is sufficient for SD in trees. Proof. Let T_n be a tree of size n whose labeling λ is a LSO. Let ψ be the edge symmetry function. Consider the function β defined as follows: ∀x, y ∈ V , β_x(y) is the sequence of labels corresponding to the shortest path between x and y. Since the graph is a tree, β_x(y) = β_x(z) iff y = z; thus, β is a naming function. Consider the coding function f defined as follows: ∀π ∈ P [x], f(Λ_x(π)) = Λ_x(π). Clearly, ∀π ∈ P [u, v], f(Λ_u(π)) = β_u(v); thus, f is consistent.

It is easy to see that the following decoding function is consistent as well: ∀⟨x_0, y_0⟩ ∈ E(x_0), ∀π ∈ P [y_0], π = [⟨y_0, y_1⟩, . . . , ⟨y_{m−1}, y_m⟩]: h(λ_{x0} (⟨x_0, y_0⟩), f(Λ_{y0} (π))) = f(λ_{x0} (⟨x_0, y_0⟩) ∘ f(Λ_{y0} (π)). 2

5.2. Rings

Let (R, λ) be a labeled ring of size n with LSO; let the nodes be [x_1, . . ., x_n] and ψ be the edge symmetry function. Let R^+_i (R^−_i ) be the sequence of labels on the ring starting from x_i in clockwise (counterclockwise) direction, and let R = {R^+_i ∪ R^−_i : 1 ≤ i ≤ n}.

Lemma 4 Let α ∈ H. If α ∈ R, there do not exist y, z ∈ V and π ∈ P [y, z], such that y ≠ z and α = Λ_y(π).

Proof. By contradiction, suppose that there exist y ≠ z and π ∈ P [y, z], such that α = Λ_y(π). Since α ∈ R, |α| = |π| = n. Since |π| = n and y ≠ z, the walk must contain at least a cycle; let π^′ = [x_i, x_{i+1}, . . ., x_j, x_{j−1}, . . ., x_i] be such a cycle in π. Let λ_{xj−1} (⟨x_{j−1}, x_j⟩) = a; since the system has edge symmetry, we have that λ_{xj} (⟨x_j , x_{j−1}⟩) = ψ(a). Since α ∈ R, then, the labels a and ψ(a) must appear in R consecutively in the same direction (say, clockwise): let λ_{xh−1} (⟨x_{h−1}, x_h⟩) = a and λ_{xh} (⟨x_h, x_{h+1}⟩) = ψ(a). Thus, we have that λ_{xh+1} (⟨x_{h+1}, x_h⟩) = a violating the local orientation in x_h. 2 Definition 10 Circular contraction Given α ∈ H, a circular contraction of α with respect to R is the sequence α̃_R obtained from α by:

1) deleting every pair of consecutive labels l, l^′ such that l = ψ(l^′) 2) deleting every sequence of n consecutive labels [l_1, . . . , l_n] ∈ R 3) repeating operations 1) and 2) until they are no longer applicable.

Lemma 5 Let α ∈ H be a walk in P [x, y], then: i) if x = y, α̃_R is the empty string;

ii) if x ≠ y, α̃_R = Λ_x(π^′), where π^′ is a path in P [x, y].

Proof. It directly follows from the definition of circular contraction and from Lemma 4. 2 Consider the following relation →_R on sequences of labels H with respect to R. Definition 11 Given α, γ ∈ H, let α̃_R = [a_1, . . . , a_h] and γ̃_R = [b_1, . . . b_k]. Then, α →_R γ iff:

i) α̃_R and γ̃_R are both the empty string; or ii) [a_1, . . ., a_h, ψ(b_k), . . . , ψ(b_1)] is the sequence of labels corresponding to a cycle. From Lemma 5, it follows that:

Lemma 6 Given α, γ ∈ H, let α̃_R = [a_1, . . . , a_h], γ̃_R = [b_1, . . . b_k]. Then α →_R γ iff one of the following conditions holds: i) α̃_R and γ̃_R are both the empty string; ii) α = γ; iii) [a_1, . . ., a_h, ψ(b_k), . . ., ψ(b_1)] ∈ R.

Let ⋆_R be the transitive closure of the relation →_R. We have that:

Lemma 7 Relation ⋆_R is an equivalence relation on H. Proof. Given α, γ ∈ H, let α̃_R = [a_1, . . . , a_h], γ̃_R = [b_1, . . . b_k]. ⋆_R is reflexive, in fact α ⋆_R α by Lemma 6.

Let α ⋆_R γ. If α̃_R and γ̃_R are both the empty strings, or if α = γ, we clearly have that γ ⋆_R α; otherwise, by Lemma 6 it follows that [a_1, . . ., a_h, ψ(b_k), . . ., ψ(b_1)] ∈ R. In this case, we have that also [b_1, . . ., b_k, ψ(a_h), . . ., ψ(a_1)] ∈ R, which means that γ ⋆_R α. Thus, ⋆_R is symmetric.

Furthermore, ⋆_R is transitive by definition. 2 Let [α]_{⋆R} denote the equivalence class containing α.

Theorem 6 Locally symmetric orientation is sufficient for SD in rings. Proof. Let R be a ring whose labeling λ is a LSO. Let ψ be the edge symmetry function.

Consider the function β defined as follows: ∀x, y ∈ V , if x ≠ y, β_x(y) = [α]_{⋆R} , where α = Λ_x(π), and π ∈ P [x, y] is the path from x to y following the ring in clockwise-order; otherwise, β_x(y) is the empty string.

Since ⋆_R is an equivalence relation, it follows that β_x(y) = β_x(z) iff y = z; thus, β is clearly a naming function.

Consider the coding function f defined as follows: ∀π ∈ P [x, y], α = Λ_x(π) f(α) = [α̃]_{⋆R} . By Lemma 5, if x ≠ y, α̃ corresponds to a path from x to y; otherwise it is the empty string. Let γ be the path in clockwise direction from x to y. By definition of naming function, [γ]_{⋆R} = β_x(y). Let γ = [b_1, . . . , b_h]; since [α̃, ψ(b_h), . . . ψ(b_1)] corresponds to a cycle or is the empty string, and since α ∈ [γ]_{⋆R} , it follows that [α̃]_{⋆R} = [γ]_{⋆R} , thus, f(α) = β_x(y) and the coding function is consistent. It is easy to see that the following decoding function is consistent as well: ∀⟨x, y⟩ ∈ E(x), ∀π ∈ P [y]: h(λ_x(⟨x, y⟩), f(Λ_y (π))) = f(λ_x(⟨x, y⟩)∘γ), where γ is an arbitrary element of the equivalence class f(Λ_y (π)). 2

5.3. Hat-free spiders

Given a hat-free spider of odd size S_{2n+1}, let m = 2n, R = [x_0, . . . , x_m] be the nodes of the ring. Let R^+_i (R^−_i ) denote the sequence of labels on the ring starting from x_i in clockwise (counterclockwise) direction. Let R = {R^+_i ∪ R^−_i : 1 ≤ i ≤ n}.

An obvious property of hat-free spiders is the following: Lemma 8 Any path of length m contains one edge of a spike. Lemma 9 Let α ∈ H. If α corresponds to a cycle, there do not exist any y, z ∈ V and any π ∈ P [y, z] such that y ≠ z and α = Λ_y(π).

Proof. Let α ∈ R. We will now show that there are no paths with label α. By contradiction, let π be a path with labels α. By Lemma 8, π contains one edge of a spike; without loss of generality, let ⟨x_0, y_0⟩ be such an edge. The only possible situations in which π is a path are when: a) π ∈ P [y_0, x_1], or b) π ∈ P [y_0, x_m], or c) π ∈ P [x_m, y_0], or d) π ∈ P [x_1, y_0].

- ? 6 y �ßuuu uu� &% ’$^{y0}_{x1x0}xm_{xi} Figure 5: Proof of Lemma 8.

Consider situation a). Let π ∈ P [y_0, x_1], π = [ ⟨y_0, x_0⟩, ⟨x_0, x_m⟩, . . ., ⟨x_2, x_1⟩] (see Figure 5). By contradiction, let α = Λ_{y0} (π).

Since, by definition, α ∈ R and since there is edge symmetry, there must exist a node x_i such that Λ_{xi} ([⟨x_i, x_{i+1}⟩, ⟨x_{i+1}, x_{i+2}⟩, . . ., ⟨x_{i−1}, x_i⟩]) = Λ_{y0} ([⟨y_0, x_0⟩, ⟨x_0, x_m⟩, . . . , ⟨x_2, x_1⟩]). In particular, we must have that: Λ_{xi+1} ([⟨x_{i+1}, x_{i+2}⟩, . . ., ⟨x_m, x_0⟩]) = Λ_{x0} ([ ⟨x_0, x_m⟩, . . ., ⟨x_{i+2}, x_{i+1}⟩]). This implies that [⟨x_{i+1}, x_{i+2}⟩, . . . , ⟨x_m, x_0⟩], must be labeled with a palindrome string; thus, it must be of odd length, i.e. m − (i + 1) + 1 is odd, and, thus m − i is odd.

On the other hand, by the same reasoning, Λ_{xi+1} ([⟨x_{i+1}, x_i⟩, ⟨x_i, x_{i−1}⟩, . . . , ⟨x_2, x_1⟩]) = Λ_{x0} ([⟨x_0, x_1⟩, . . . , ⟨x_{i−1}, x_i⟩]), which implies that also [⟨x_1, x_2⟩, . . . , ⟨x_{i−1}, x_i⟩] must be labeled with a palindrome string; thus, it must be of odd length, i.e. i − 1 must be odd.

Since both m − 1 and i − 1 are odd, it follows that m is odd and, thus, the ring has even size. This contradicts our hypothesis.

The cases b), c), and d) can be proved using a similar reasoning. 2

Lemma 10 Let α ∈ H be a walk in P [x, y], then: i) if α corresponds to a cycle, α̃_R is the empty string; ii) otherwise, α̃_R = Λ_x(π^′), where π^′ is a path in P [x, y].

Proof. It directly follows from the definition of circular contraction and from Lemma 9. 2 From Lemma 10, it follows that:

Lemma 11 Given α, γ ∈ H, let α̃_R = [a_1, . . . , a_h], and γ̃_R = [b_1, . . .b_k]. Then, α →_R γ iff one of the following conditions holds: i) α̃_R and γ̃_R are both the empty string; ii) α = γ; iii) [a_1, . . . , a_h, ψ(b_k), . . . , ψ(b_1)] ∈ R; iv) a_1 = b_1 and [a_2, . . . , a_h, ψ(b_k), . . . , ψ(b_2)] ∈ R; iv) a_h = b_k and [a_1, . . ., a_{h−1}, ψ(b_{k−1}), . . ., ψ(b_2)] ∈ R. Let ⋆_R be the transitive closure of the relation →_R. It is easy to see that:

Lemma 12 Relation ⋆_R is an equivalence relation on H.

Proof. From Lemma 11 it directly follows that ⋆_R is reflexive and symmetric. Furthermore, ⋆_R is transitive by definition. 2 Let [α]_{⋆R} denote the equivalence class containing α.

Theorem 7 Locally symmetric orientation is sufficient for SD in hat-free spiders of odd size S_{2n+1}.

Proof. Let S_{2n+1} be a hat-free spider of odd size whose labeling λ is a LSO and let m = 2n. Let ψ be the edge symmetry function, and let [x_0, x_1 . . . x_m] be the nodes of the ring.

Consider the function β defined as follows: ∀x, y ∈ V , if x ≠ y, β_x(y) = [α_{xy}]_{⋆R} where α_{xy} is the sequence of labels corresponding to the path from x to y following the ring in clockwise-order; otherwise, β_x(y) is the empty string. Function β is a naming function, in fact we will show that β_x(y) = β_x(z) iff y = z. If y = z, then β_x(y) = β_x(z), ∀x.

Let y ≠ z; we now show that β_x(y) ≠ β_x(z). By contradiction, suppose β_x(y) = β_x(z). If x = y, since β_x(x) is the empty string by definition, x = y implies y = z (and viceversa). Let both y and z be distinct from x; then β_x(y) = β_x(z) implies [α_{xy}]_{⋆R} = [α_{xz}]_{⋆R} . By Lemma 11, it follows that the labels [Ψ(α_{x,y}) ∘ α_{x,z}] correspond to a cycle, and hence y = z.

Consider the coding function f defined as follows: ∀π ∈ P [x, y], α = Λ_x(π) f(α) = [α̃]_{⋆R} if x ≠ y, otherwise, f(α) is the empty string. To prove that it is consistent we must show that f(α) = β_x(y). By Lemma 10, α_{x,y} is the sequence of labels corresponding to a path from x to y. Let β_x(y) = [γ]_{⋆R} . By definition of naming function [α∘ Ψ(γ)] corresponds to one of the condition of Lemma 11; that is, α ∈ [γ]_{⋆R} , and, thus, f(α) = β_x(y) and the coding function is consistent. It is easy to see that the following decoding function is consistent as well: ∀⟨x, y⟩ ∈ E(x), ∀π ∈ P [y]: h(λ_x(⟨x, y⟩), f(Λ_y (π))) = f(λ_x(⟨x, y⟩) ∘ γ, where γ is an arbitrary element of the equivalence class f(Λ_y (π)). 2 An example of hat-free spider of odd size is shown in Figure 6.

S_{2n+1}

PPPJJ

”!#u uu uu u_{´´}u u uu u_{LL}‘‘‘_{Figure 6: An hat-free spider.}

6. Necessary and Sufficient Condition for LSO

In this section, we show that the characterization is complete, in fact a graph either is feasible, or it contains a forbidden subgraph. We can thus conclude that every LSO is globally consistent in a graph iff the graph does not contain any forbidden subgraph.

Theorem 8 Given a graph G, either G is LSO-feasible, or it contains a LSOforbidden graph.

Proof. If G is a tree, by Theorem 5, the theorem holds. Let then G contain a cycle. If G is a ring, by Theorem 6, the theorem holds. To complete the proof we must show that the theorem holds when G contains a cycle of length smaller than the number of nodes.

We shall consider two cases depending on whether the length of such a cycle is even or odd.

Case (1). Even length cycle.

Let [x_0, . . . x_{2n−1}] be the nodes of such a cycle. Since G is not a ring, the cycle has (1.1) one or more spikes, or (1.2) one or more internal chords.

Case (1.1). If there exists a spike of any length, G would contain a hat ring

dR_{2n}(1, 0), which is LSO-forbidden by Theorem 4.

Case (1.2). Let ⟨x_i, x_j⟩ be a chord. The chord divides the cycle in two parts [x_i, x_{i+1}, . . . , x_{j−1}, x_j] and [x_j, x_{j+1}, . . ., x_{i−1}, x_i] (here and in the following, all the operations are modulo 2n). We must have that either (j − i) and (i − j) are both even or they are both odd. Suppose they are both even: (j − i) = 2k and (i − j) = 2h (with k ≤ h). In this case, if n = 2, G would contain R_{4;1}; if n > 2 it would contain a spiked ring dR_{2k+1}(2, 0) (see Figure 7). In both cases G would contain a LSO-forbidden subgraph (Theorem 4).

If they are both odd, let (j − i) = 2k + 1 and (i − j) = 2l + 1 (with k ≤ l); the graph G would contain a spiked ring dR_{2k+2}(1, 0) which, by Theorem 4, is LSO-forbidden. � �&% ’$ � �&% ’$ n > 2 n = 2

u uuu uu uu u uu

Figure 7: Proof of Case 1.2.

Case (2). Odd length cycle.

Let [x_0, . . .x_{2n}] be the nodes of such a cycle. Since G is not a ring, the cycle has (2.1) a chord, or (2.2) a spike of length greater than 1, or (2.3) only spikes of length 1.

Case (2.1). The chord divides the cycle in two parts [x_i, x_{i+1}, . . . , x_{j−1}, x_j] and [x_j, x_{j+1}, . . . , x_{i−1}, x_i] (here and in the following, all the operations are modulo 2n + 1), one of which has odd length, while the other has even length. Let (j − i) = 2k, and (i − j) = 2h + 1 . In this case G would contain a hat ring dR_{2h+2}(1, 0) which, by Theorem 4, is LSO-forbidden.

Case (2.2). If the cycle has a spike of length more than one, G would contain a hat ring dR_{2n+1}(2, 0) which, by Theorem 4, is LSO-forbidden. Case (2.3). The only case left to consider is when in G all cycles are of odd length, contain no chords, and have no spikes of length greater than 1. First of all observe that, to satisfy such requirements, G must have only one cycle (otherwise the edges of the other cycle would form a spike of length greater than 1 for the first cycle). In other words, G is a spider. Then, it either contains

dR_{2n+1}(1, 1) , which is LSO-forbidden by Theorem 4, or it is a hat-free spider

which, by Theorem 7, is LSO-feasible.

2 From Theorems 4, 5, 6, 7 and from Theorem 8, it follows that

Theorem 9 Every Locally symmetric orientation λ is globally consistent in G iff G does not contain any LSO-forbidden graph.

7. Conclusions

In this paper we have investigated the strong interplay between the structure of a distributed system and the consistency properties which a labeling must satisfy to be a Sense of Direction.

In particular, we have studied what topological constraints the labelings satisfying a given set of properties P will always be globally consistent.

We have provided a complete answer to the above questions for two large classes of labelings, Local Orientations and (the commonly used) Locally Symmetric Orientations.

For each class, we have identified and characterized both the set of forbidden subgraphs and the set of feasible graphs. We have shown that this characterization is complete: in fact, every graph is either feasible or contains a forbidden subgraph.

Not surprisingly, we have shown that local orientation suffices for Sense of Direction only in trivial graphs. On the other hand, we have proved that locally symmetric orientations, guarantees Sense of Direction in a large class of graphs.

A major contribution of this paper has been to move the first step toward answering the more general question:

What is the nature of the relationship between network topology and Sense of Direction?.

Many intriguing related questions are still open, all of them of immediate practical relevance; for example:

What is the impact of network topology on other classes of labelings? Which topological properties guarantee the existence of a “minimal” Sense of Direction (i.e., with smallest number of labels)?

What is the complexity of deciding if a labeling is a Sense of Direction?

Investigations in these directions have already started, providing the first partial results^{43,44}.

Acknowledgments

Research supported in part by NSERC Research Grant #A2415, by a Carleton University Research Achievement Award, and by an international CNR Fellowship.

References

1. P. Flocchini and B. Mans and N. Santoro, “Sense of direction: formal definition and properties”, Proc. 1st Colloquium on Structural Information and Communication Complexity, Ottawa, 1994, pp. 9-34.

2. N. Santoro, “Sense of direction, topological awareness and communication complexity”, SIGACT NEWS 2(16) (1984) 50-56.

3. N. Santoro and J. Urrutia and S. Zaks, “Sense of direction and communication complexity in distributed networks”, Proc. of the 1st International Workshop on Distributed Algorithms , Ottawa, 1985, pp. 123-132.

4. P. Flocchini and B. Mans, “Optimal election in labeled hypercubes”, Journal of Parallel and Distributed Computing 33(1) (1996) 76-83.

5. T.Z. Kalamboukis and S.L. Mantzaris, “Towards optimal distributed election on chordal rings”, Information Processing Letters 38 (1991) 265-270.

6. I. Lavallée and G. Roucairol, “A fully distributed (minimal) spanning tree algorithm”, Information Processing Letters 23 (1986) 55-62.

7. M.C. Loui and T.A. Matsushita and D.B. West, “Election in complete networks with a sense of direction”, Information Processing Letters 22 (1986) 185-187; see also Information Processing Letters 28 (1988) 327.

8. B. Mans and N. Santoro, “On the impact of sense of direction in arbitrary networks”, Proc. 14th International Conference on Distributed Computing Systems,Poznan, 1994, pp.258-265.

9. T. Masuzawa and N. Nishikawa and K. Hagihara and N. Tokura, “ A fault-tolerant algorithm for election in complete networks with a sense of direction”, Systems and Computers in Japan 22(12) (1991) 11-22.

10. Y. Pan, “An improved election algorithm in chordal ring networks”, Int. J. of Computer Mathematics 40(3-4) (1991) 191-200.

11. S. Robbins and K.A. Robbins, “Choosing a leader on a hypercube”, Proc. Int.

Conf. on Databases, Parallel Architectures and their Applications, Miami, 1990, pp.469-471.

12. G. Singh, “Efficient leader election using sense of direction”, Distributed Computing 10 (1997) 159-165.

13. A.M. Verweij, “Linear-message Election in Hypercubes”, manuscript. 14. P. Flocchini and B. Mans and N. Santoro, “On the impact of sense of direction on message complexity”, Information Processing Letters, to appear.

15. M.B. Sharma and S.S. Iyengar and N.K. Mandyam, “An efficient distributed depthfirst-search algorithm”, Information Processing Letters, 32 (1989) 183-186; see also Information Processing Letters 35 (1990) 55.

16. P.W. Beame and H.L. Bodlaender, “ Distributed computing on transitive networks:

the torus”, Proc. 6th Symposium on Theoretical Aspects of Computer Science, 1989, pp.294-303.

17. E. Kranakis and D. Krizanc, “Distributed computing on anonymous hypercubes”, Journal of Algorithms 23 (1997) 32-50.

18. E. Kranakis and D. Krizanc, “Labeled versus unlabeled distributed Cayley networks”, Discrete Applied Mathematics 63(3) (1995) 223-236.

19. E. Kranakis and N. Santoro, “Distributed computing on anonymous hypercubes with Faulty Components”, Proc. of 6th International Workshop of Distributed Algorithms, 1992, 253-263.

20. N. Norris, “Classifying anonymous networks: when can two networks compute the same vector-valued functions ?”, Proc. 1st Colloquium on Structural Information and Communication Complexity, Ottawa, 1994, pp.83-98.

21. M. Yamashita and T. Kameda, “Computing on anonymous networks, part I: characterizing the solvable cases”, IEEE Transaction on Parallel and Distributed Computing 7(1) (1996) 69-89.

22. A. Israeli and E. Kranakis and D. Krizanc and N. Santoro, “Time-message tradeoffs for the weak unison problem” Conference on Algorithms and Complexity , 1994, pp.167-178.

23. J.C. Bermond and S. Perennes, “Efficient broadcasting protocols on the de Bruijn and similar networks”, Proc. 2nd Colloquium on Structural Information and Communication Complexity, Olympia, 1995, 233-247.

24. P. Fraigniaud and E. Lazard, “Methods and problems of communication in usual networks”, Discrete Applied Mathematics 53 (1994) 79-133.

25. S. Hedetniemi and S. Hedetniemi and A. Liestman, “A survey of gossiping and broadcasting in communication networks ”, Networks, 18 (1986) 319-349.

26. M.-C. Heydemann and J. Opatrny and D. Sotteau, “Broadcasting and spanning trees in de Bruijn and Kautz networks”, Discrete Applied Mathematics 27-28 (1992) 297- 317.

27. R. Klasing and B Monien and R. Peine and E. Stohr, “Broadcasting and gossiping in the Butterfly and de Bruijn networks”, Discrete Applied Mathematics 53 (1994) 183-197.

28. J.-C. Bermond and F. Comellas and D.F. Hsu, “Distributed loop computer networks:

a survey”, Journal of Parallel and Distributed Computing 24 (1995) 2-10. 29. D.Z. Du and D.F. Hsu and F.K. Wang, “Double-linked ring networks”, I.E.E.E Transactions on Computers 634 (1985) 853-855.

30. P. Erdos and D.H. Hsu, “Methods and problems of communication in usual networks”, Discrete Applied Mathematics 53 (1994) 79–133.

31. P. Erdos and D.H. Hsu, “Distributed loop networks with minimum transmission delay ”, Theoretical Computer Science 100 (1992) 223–241.

32. A. Nayak and N. Santoro, “ Fault tolerant analysis of redundant ring networks”, Journal of Circuits, Systems, and Computers 5 (1995) 199-213.

33. A. Nayak and N. Santoro and Q. Xue, “Efficient reconfiguration technique for redundant ring networks”, Proc. of 28th Hawaii International Conference on System Sciences, 1995, pp.489-498.

34. H. Attiya and M. Snir and M.K. Warmuth, “Computing on an anonymous ring”, Journal of the A.C.M. 35(4) (1988) 845-875.

35. H.L. Bodlaender, “New lower bound techniques for distributed leader finding and other problems on rings of processors”, Theoretical Computer Science 81 (1991) 237-256.

36. A. Israeli and M. Jalfon, “Uniform self-stabilizing ring orientation”, Information and Computation 104(2) (1993) 175-196.

37. V. Syrotiuk and J. Pachl, “A distributed ring orientation algorithm”, Proc. of the 2nd International Workshop on Distributed Algorithms , Amsterdam, 1987, pp.332- 336.

38. H. Attiya and J. van Leeuwen and N. Santoro and S. Zaks, “Efficient elections in chordal ring networks”, Algorithmica 4 (1989) 437-446.

39. G.L. Peterson, “Efficient algorithms for elections in meshes and complete networks”, tech. rep. TR-140, Dept. of Computer Science, Univ. of Rochester, 1985.

40. G. Tel, “Network orientation”, International Journal of Foundations of Computer Science 5(1) (1994) 1-41 41. P. Flocchini and A. Roncato, “Computing on Anonymous Networks with Sense of Direction”, Proc. 3rd Colloquium on Structural Information and Communication Complexity , Siena, 1996, pp. 32-46.

42. P. Boldi and S. Vigna, “On the complexity of deciding sense of direction ”, Proc. 2nd Colloquium on Structural Information and Communication Complexity, Olympia, 1995, pp. 39-52.

43. P. Flocchini, “Minimal sense of direction in regular networks” Information Processing Letter, 61 (1997) 331-338.

44. P. Boldi and S. Vigna, “Optimal sense of direction in regular graphs”, manuscript.