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Abstract: Consider a set of k identical asynchronous mobile agents located in an anonymous ring
of n nodes. The classical GATHER (or RENDEZVOUS) problem requires all agents to meet at the
same node, not a priori decided, within a finite amount of time. This problem has been studied
assuming that the network is safe for the agents. In this paper, we consider the presence in the
ring of a stationary process located at a node that disables any incoming agent without leaving any
trace. Such a dangerous node is known in the literature as a black hole, and the determination of its
location has been extensively investigated. The presence of the black hole makes it deterministically
unfeasible for all agents to gather. So, the research concern is to determine how many agents can
gather and under what conditions. In this paper we establish a complete characterization of the
conditions under which the problem can be solved. In particular, we determine the maximum
number of agents that can be guaranteed to gather in the same location depending on whether k or n
is unknown (at least one must be known). These results are tight: in each case, gathering with one
more agent is deterministically unfeasible. All our possibility proofs are constructive: we provide
mobile agent algorithms that allow the agents to gather within a predefined distance under the
specified conditions. The analysis of the time costs of these algorithms show that they are optimal.
Our gathering algorithm for the case of unknown k is also a solution for the black hole location
problem. Interestingly, its bounded time complexity is Θ(n); this is a significant improvement over
the existing O(n log n) bounded time complexity.

Keywords: mobile agents; rendezvous; gathering; black hole; harmful host; ring network;
asynchronous; anonymous; distributed computing

1. Introduction
1.1. Premise

In networked systems that support autonomous mobile agents, a main concern is
how to develop efficient agent-based system algorithms; that is, to design algorithms that
will allow a team of rather “simple” agents to cooperatively perform complex system tasks.
A main approach to reach this goal is to break a complex task down into more elementary
operations. Example of these primitive operations are traversal, search, gathering, and election.
The coordination of the agents necessary to perform these operations is not necessarily
simple or easy to achieve [1].

In fact, the computational problems related to these operations are definitely non-
trivial, and a great deal of theoretical research is devoted to the study of the conditions for
the solvability of these problems and to the discovery of efficient algorithmic solutions. At
an abstract level, these environments, which we shall call distributed mobile systems, can
be described as a collection E of mobile computational entities, called agents, operating
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in a graph G. The agents have local computing capabilities and bounded storage, have
limited means of communication, execute the same algorithm, and can move from node to
neighboring node. The research concern is on determining what problems can be solved by
such entities, under what conditions, and at what cost [2].

We consider the computationally difficult environment where the agents are anony-
mous, in the sense that they have no identifiers, and they are asynchronous, in the sense
that every action they perform takes a finite, but otherwise unpredictable, amount of time
(decided by a worst-case adversary). Each node of the network, also called a host, provides
a storage area called a whiteboard for incoming agents to communicate and compute; the
whiteboards are accessed using fair mutual exclusion.

For such environments, we focus in this paper on a fundamental problem in distributed
mobile computing, gathering, in the (simplest) fully symmetric topology, the ring network.
We consider its solution in the presence of a severe security threat, a black hole: a network
site where a harmful process destroys all incoming agents without leaving a trace. A black
hole models a computer that is accidentally off-line or a network site in which a resident
process (e.g., an unknowingly-installed virus) deletes any visiting agents or incoming data
upon their arrival, without leaving any observable trace; similarly, any undetectable crash
failure of a site in a network transforms that site into a black hole (e.g., see [3]).

1.2. Background

Gathering. The gathering problem consists in having the agents meet at the same node
and enter a terminal state within a finite amount of time; there is no a priori restriction on
which node will become the gathering point. The gathering problem has been extensively
investigated under a large variety of settings and communication mechanisms. In anony-
mous and symmetric settings, like the one considered here, the possibility (and difficulty)
of a solution is related to the possibility (and difficulty) to deterministically find or create
an asymmetry in the system, enabling the agents to agree on a meeting point.

The majority of investigations have focused on the case of two agents, very few results
are known for anonymous ring networks (see [4] for a recent survey). Almost all these
investigations have assumed synchronous agents: the agents are synchronized and the
amount of time required by an agent for processing and for movement along a link is one
unit; this assumption is crucial for the correctness of their solutions.

In the asynchronous setting, interestingly, the link between gather and symmetry
breaking is even more clear: gathering is in fact equivalent to the election problem [5]. Few
papers have examined gathering in the asynchronous setting (see [6–8]) usually assuming
two agents with distinct IDs.

Recall that, in our setting, both nodes and agents are anonymous, and the system is
fully asynchronous.

Black Hole Search. Among the severe security threats faced in systems supporting mobile
agents, a particularly troublesome one is a harmful host; that is, the presence at a network
site of harmful stationary processes. The problem posed by the presence of a harmful
host has been intensively studied from a programming point of view (e.g., see [9–11]),
and also from an algorithmic prospective [12]. Obviously, the first step in any solution to
such a problem must be to identify, if possible, the harmful host determining its location.
Depending on the nature of the danger, the task to identify the harmful host might be
difficult, if not impossible, to perform.

A particularly harmful host is a black hole: a host that disposes of visiting agents upon
their arrival, leaving no observable trace of such a destruction. Note that this type of
highly harmful host is not rare; for example, the undetectable crash failure of a site in
an asynchronous network transforms that site into a black hole [3].

The Black Hole Search problem is to determine the location of the black hole; it is
solved if, within a finite amount of time, at least one agent survives and knows the location
of the black hole. This problem has been extensively investigated, both in synchronous
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and asynchronous networks (e.g., [13–25]; see [26] for a recent survey). The case when
the network is an asynchronous ring (the setting considered here) has been investigated
(e.g., [13,27,28]); however, with the exception of [28], these investigations assume that all
agents start from the same node (i.e., they are initially gathered). The best known bounded
time complexity for this problem is O(n log n) [13].

Summarizing, in spite of the literature on both gathering and black hole search in
asynchronous settings (see [4,26] for recent surveys on the two topics), no results exist on
gathering in the presence of a black hole.

1.3. Contributions

In this paper, we consider the gathering problem in the following setting: k asyn-
chronous anonymous agents dispersed in a totally symmetric ring network of n anonymous
sites, one of which is a black hole. The presence of the black hole makes it deterministically
unfeasible for all agents to gather. So, our research goal is to determine how many agents
can gather and under what conditions.

More precisely, we study the gathering problem RV( f (k)), which requires at least
f (k) ≤ k agents to gather and enter a terminal state in the same node, where f is an arbitrary
monotonically non-decreasing function. We also investigate the related close-gathering
problem G( f (k), d), requiring at least f (k) agents to enter a terminal state located within
a distance d from each other. Clearly, G( f (k), 0) = RV( f (k)).

We establish a complete characterization of the conditions under which the two
problems can be solved (proving the theoretical results previously claimed in [29]). In
particular, we determine the maximum number of agents that can be guaranteed to gather
in the same location depending on whether k or n is unknown (at least one must be known).
All our possibility proofs are constructive: we provide mobile agent algorithms that allow
the agents to gather within a predefined distance under the specified conditions. The
possibility results are summarized in the table shown in Table 1. These results are tight: in
each case, gathering with one more agent is impossible. The analysis of the time costs of
these algorithms shows that they are optimal.

Table 1. Summary of possibility results.

n Unknown, k Known n Known, k Unknown

ORIENTED RV(k− 1) RV(k− 2)

k odd RV(k− 2) k odd or n even RV(k− 2)

UNORIENTED k even RV((k− 2)/2) k even and n odd RV((k− 2)/2)

∀k G(k− 2, 1) ∀k G(k− 2, 1)

Some of these results are unexpected. For example, in an oriented ring, all but one
agents can indeed gather, even if the ring size n is not known, a condition that makes black
hole location deterministically unfeasible [13].

In an unoriented ring, at most k− 2 agents can gather; surprisingly, if they cannot,
there is no guarantee that more that (k− 2)/2 will. It is, however, always possible to bring
all k− 2 agents within a distance of 1 from each other.

Our gathering algorithm for the case of unknown k is also a solution for the black hole
location problem. Interestingly, its bounded time complexity is Θ(n); this is a significant
improvement over the O(n log n) bounded time complexity, shown in [13], of the existing
algorithms for the same case.

The paper is organised as follows: in Section 2, definitions and preliminary results are
introduced; also, we present a few bounds for the problem. In Sections 3 and 4 we present
algorithms that solve the problem, distinguishing two cases: k known and n unknown,
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and k unknown and n known; in both cases, results are presented for both oriented and
unoriented rings. Finally, we draw some final conclusions in Section 5.

2. Definitions, Basic Properties, and Techniques
2.1. Model

The network environment is a ringR of n anonymous (i.e., identical) nodes. Each node
has two labeled ports and a bounded amount of storage, called a whiteboard.

In this network there is a set A = {a1, . . . , ak} of k anonymous (i.e., identical) mobile
agents. The agents can move from node to neighboring node in R, have computing
capabilities and bounded storage, obey the same set of behavioral rules (the “algorithm”),
and all their actions (e.g., computation, movement, etc.) take a finite, but otherwise
unpredictable, amount of time (i.e., they are asynchronous). Agents communicate by reading
from and writing on the whiteboard in the node where they currently are; access to
a whiteboard uses fair mutual exclusion. The agents execute an algorithm (the same for all
agents) that specifies the computational and navigational steps.

Each agent has a local orientation that allows them to distinguish “left” from “right”.
If the orientation is the same for all agents, we say that the ring is oriented, otherwise it
is unoriented . Given an agent a on a node u of the ring, we will denote by righta(u) and
le f ta(u) the port labels of u, according to the local orientation of agent a.

Initially, each agent is placed at a distinct node, called its homebase, and has a predefined
state variable set to available. Let us denote by xi the homebase of agent ai. Each homebase
is initially marked (in the whiteboard) as such by the corresponding agent. Agents can
move from node to neighboring node; while crossing an edge, an agent can detect whether
there is another agent crossing that edge in the opposite direction at the same time.

The agents are aware of the fact that, in the network there is a black hole (BH), a node that
disposes of visiting agents upon their arrival, leaving no observable trace of such a destruction;
its location is unknown. The initial location of the agents, the location of the black hole, the
duration of each operation of the agents, and, in the case of unoriented rings, the sense of
orientation of each agent, are assumed to be under the control of a worst-case adversary. In
this environment, we are going to consider the gathering problem and the close-gathering
problem defined below.

The gathering problem RV( f (k)) requires having at least f (k) ≤ k agents gathering in
the same site, with f being an arbitrary monotonic and non-decreasing function. There
is no a priori restriction on which node will become the gathering point. The problem is
solved if at least f (k) agents are at the same node in a terminal state, denoted by arrived.

The close-gathering problem G( f (k), d) requires having at least f (k) agents within
distance d from each other. The problem is solved if at least f (k) agents are within distance
d from each other and are in a terminal state. Clearly, G( f (k), 0) = RV( f (k)).

The efficiency of a solution algorithm is first and foremost measured in the size of the
solution, i.e., the number of agents that the algorithm will make gather at the same location
in the case of gathering, and the number of agents that will be at distance d from each other
in the case of close-gathering.

A secondary but important cost measure is the amount of time elapsed from the
beginning to the termination of the algorithm. Since the agents are asynchronous, “real”
time cannot be measured. We will use the traditional measure of bounded time, where it
is assumed that the traversal of a link takes at most one time unit. Usually, the time is
measured from the moment the first agent wakes up. However, in our setting, the first
agent to wake up might immediately enter the black hole, and an indeterminate amount of
time may pass before other agents wake up. In order to avoid this problem, and keep the
algorithms and analysis simple, we measure the time complexity from the moment the last
extremal agent wakes up, where the extremal agents are defined as follows:

• In the oriented case, there is a single extremal agent—the leftmost one, measured from
the BH.
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• In the unoriented case, there are two extremal agents—the leftmost agent within each
group of agents with the same understanding of left and right (note that ‘leftmost’ is
evaluated using the orientation of the group).

2.2. Cautious Walk

In the following we describe a basic tool, first introduced in [13], that we will use in all
our algorithms to minimize the number of agents that disappear in the back hole.

In our algorithms, the ports (corresponding to incident links) of a node are classified as

1. unexplored—if no agent has moved across this port,
2. safe—if an agent arrived via this port, or
3. active—if an agent departed via this port, but no agent has arrived via it.

Clearly, both unexplored and active links are dangerous in that they might lead to the
black hole; the difference is that active links are being traversed, so there is in general no
need for another agent to go through that link until the link is declared safe.

The technique we use, called cautious walk, is defined by the following three rules:

Rule 1. When an agent moves from node u to v via an unexplored port, this marks the port
as active; arriving at v, if there is no black hole there, it immediately returns to u, which
marks the port as safe, and then continues the execution of the algorithm.
Rule 2. An agent never leaves via an active port.
Rule 3. An agent can always leave via a safe port.

In the following, the agents always move following the above rules.

2.3. Basic Results and Lower Bounds

There are some basic obvious facts:

Theorem 1. In an anonymous ring with a black hole:

1. RV(k) is unsolvable;
2. If the ring is unoriented, then RV(k− 1) is unsolvable.

Proof. We distinguish the two cases.
(1) It suffices for the adversary to choose as the location of the black hole the node where
the first moving agent goes to: it disappears in the black hole, hence it will never be able
to gather.
(2) By contradiction, let A be a deterministic solution algorithm, let the ring be unoriented,
and let ai be the first moving agent. Let us assume, without loss of generality, that ai
(according to the algorithm) moves to its left. The adversary chooses as the location of the
black hole the node to the left of ai. Then, it places another agent aj to the immediate left of
the black hole, and assigns to aj a sense of orientation opposite to the one of ai. Moreover,
the adversary does not activate any other agents until both ai and aj make their move. This
implies that, sinceA is deterministic, aj will choose right as its moving direction. Therefore,
both ai and aj will eventually disappear into the black hole, a contradiction.

Less obvious are the following facts.

Theorem 2. Let k be unknown. RV(k− 1) is unsolvable even if n is known and the ring is oriented.

Proof. By contradiction, letA be an algorithm that solves RV(k− 1) for any k ≥ 2. Consider
an execution of A where, initially, all agents are activated at the same time. Observe that, in
this case, the agents must all move in the same direction; otherwise, if the adversary places
the black hole at a distance of one from two agents that move towards each other, then both
agents will enter the black hole, making RV(k− 1) impossible. Thus, in this execution of A
all agents initially must move in the same direction, e.g., right.
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Let the agents be logically grouped in pairs (hi, ti) (1 ≤ i ≤ bk/2c), where hi and ti are
called the head and the tail of the i-th pair; if k is odd, the remaining agent forms group
(h0) without a tail.

Let the adversary choose the initial distinct locations of the agents as follows: each pair
(hi, ti) is positioned on two neighboring nodes, xi and yi, with the head to the right of the
tail; the single group (h0) (if it exists) is positioned on an unoccupied node x0; the selection
of the nodes is made so that, if k > 3 at least two pairs have an empty node between them
(see Figure 1).
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Figure 1. Example used in the proof of Theorem 2.

Once all agents are simultaneously activated in this initial configuration and start
moving right, the adversary slows down the movement of the heads, and makes each tail
ti reach its destination xi simultaneously.

Consider now what A does at this point if k = 2, i.e., there is only one pair (h1, t1).
Let us focus on t1, which is currently on x1. Since, by assumption A is correct, t1 must use
cautious walk, thus it cannot move to the node z, to the right of x1 (otherwise the adversary
would choose z as the location of the black hole and both agents would disappear); if h1
has entered the black hole, within a finite amount of time t1 has to enter a terminal state.
How this is achieved depends on the specifics of A; there are two possible cases:

Case 1: t1 becomes arrived after a finite amount of time ∆1 from the start without ever
reaching other nodes beside x1 and y1. Note that this can happen even if h1 has not entered
the black hole, e.g., if the adversary has made the delay of its initial movement, and return
to x1, at least ∆1.

In this case, however, the adversary can make the algorithm fail for k > 3 by having all
tails experiencing the same delays as t1, and delaying all heads ∆1 time units. In this way,
all tails enter the terminal state after ∆1 time, making RV(k− 1) impossible, a contradiction.

Case 2: t1 reaches other nodes besides x1 and y1 before becoming arrived. Since
it cannot move to the right of x1, these nodes are on the left of y1. Let w be the node
immediately to the left of y1, and let t1 reach it for the first time ∆2 time units after reaching
x1 the first time. Note that this can happen even if h1 has not entered the black hole, e.g., if
the adversary has made the delay of its initial movement, and return to x1, at least ∆2.

In this case, however, the adversary can make the algorithm fail for k > 3 as follows.
The adversary places the black hole between two groups, e.g., (hi, ti) and (hi+1, ti+1) (refer
to Figure 1), that have one empty node between them (recall that they exist by construction
whenever k > 3). Again, by having all tails experiencing the same delays as t1, and delaying
all heads (except hi) by ∆2 time units, we have that not only hi, but also ti+1 enter the black
hole within a finite amount of time, making RV(k− 1) unachievable, a contradiction.

It is known that knowledge of n is necessary to locate the black hole [13]. On the other
hand, even without such knowledge, the gathering problem RV( f (k)) is trivially solvable if
f (k) ≤ bk/2c:

Lemma 1. Even if neither k nor n are known, RV( f (k)) is solvable if f (k) ≤ bk/2c.
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Proof. The algorithm that lets any robot choose a direction and move for as long as possible
in that direction, trivially solves the problem.

Now, we are ready to state the following:

Theorem 3. If neither k nor n are known, RV( f (k)) is unsolvable for f (k) > bk/2c.

Proof. By contradiction, letA be a deterministic algorithm that solves RV( f (k)) for f (k) >
bk/2c for every k < n, without knowledge of k and n.

For any non-constant monotonically non-decreasing function f , there exists a k such
that f (k) < f (2k): let us consider an execution E of A on a ring R of size n > k, with k
agents. By hypothesis, the execution of A terminates with at least f (k) agents gathered on
the same node ofR, entering the terminal state.

Now, let us build a new ringR, having size 2n− 1 and 2k agents, composed of two
copies (including the initial location of the agents) ofR, connected as depicted in Figure 2.

Consider now the execution E of A onR. The agents ofR′ will behave independently
and exactly as the execution by the agents in R. Thus, within a finite amount of time,
two distinct gathering points of size f (k) will be achieved. Since f (k) < f (2k), we have
a contradiction.
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Figure 2. Example used in the Proof of Theorem 3.

Finally, let us state a general lower bound on the number of moves.

Theorem 4. Let n be known, and the ring be unoriented. The RV(k) problem requires at least
b k

2c(n− k
2 − 2) moves.

Proof. Consider the situation when the agents are divided in two groups a1, . . . ab k
2 c

and
a−1, . . . ad k

2 e
adjacent to the black hole. Let x be an arbitrary gathering point inside the

segment between the two groups at distance d from a1. Regardless of the algorithm, k− 2
agents have to move to the gathering point for a total of at least ∑

bk/2c
i=2 (|d− i|+ |n− d− 1−

i|) moves. Solving, we obtain that the number of moves is at least bk/2c(n−bk/2c− 2).

3. Gathering When k Is Known and n Is Unknown

An immediate consequence of the fact that n is unknown is that, by Theorem 3, k must
be known for non-trivial gathering to occur. Hence, in the rest of this section we assume that
k is known. Another consequence of n being unknown is that, by [13], we cannot locate the
black hole!

Let us now examine under what conditions the problem can be solved and how.

3.1. In Oriented Rings

Consider the following algorithm GORIGHT; agents are in two states: explorer and
follower. Initially, every agent is an explorer.

Algorithm GORIGHT:

1. An explorer at node u moves to the right(u) using cautious walk. (a) if it enters the
black hole, it dies; (b) if it enters a node visited by another agent, it becomes a follower,
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returns to u, making the link safe; (c) if it enters an unvisited node, it returns to u
(maintaining the state explorer), it renders the right link safe and goes again to right(u)
to continue the cautious walk.

2. A follower at node u: (a) if the right link is safe, it moves to the right(u); (b) if the
link is active and there are at least k− 1 agents at u, it terminates the execution of the
algorithm; (c) else, it waits until the condition changes.

Theorem 5. RV(k− 1) can be always solved, and this can be achieved in a time of at most 3(n− 2),
using at most nk− k2/2 + 2n + o(nk) moves.

Proof. We first consider the correctness of the algorithm. The rightmost agent before the
black hole will remain an explorer and eventually it might enter the black hole. All the
other agents eventually become followers. Since no follower will go past the last safe node
explored by the sole remaining explorer, eventually all followers gather at one node.

We now calculate the time complexity. Using cautious walk, the leftmost agent needs
at most 3 time steps to traverse a link. Therefore, it will take it (and all other agents) at most
3(n− 2) time steps to reach the rightmost safe node and gather there.

Finally, we consider the number of moves employed by the agents. All moves can be
divided into cautious walk and right progress. There are at most 2 cautious walk moves per
edge, by all agents combined. An agent i will make at most si − 1 right progress moves,
where si is the distance of the i’s starting location from the black hole, measured leftwards
(the agent entering the black hole will make one more move). Since in each node, at most
one agent starts, all sis are different. Summing together, we obtain the claimed bound.

Note that there are situations in which the 3(n− 2) time bound is indeed achieved:
Consider a scenario where there are agents in the two sites neighboring the black hole; the
leftmost agent wakes up first and all other agents join the execution only when an agent
arrives to their node. Clearly, the leftmost agent must wake up all other agents, and every
edge must be traversed using cautious walk.

3.2. Unoriented Rings

Since the ring is not oriented, by Theorem 1, RV(k− 1) cannot be solved, as two agents
can immediately disappear in the black hole. Hence, the best we can hope for is RV(k− 2).
The result is rather surprising. In fact, either k− 2 can gather or no more than (k− 2)/2
can, with nothing in between.

We will logically partition the entities in two sets, “clockwise” (or blue) and “coun-
terclockwise” (or red), where all entities in the same set have a common view of “right”.
Notice that each agent, although anonymous, can easily detect whether a message on
a whiteboard has been written by an agent in the same set or not: when writing information
on the whiteboard, agents also specify an indication of which label of the two local ports
the writer considers to be “right”.

3.2.1. k Odd

Consider first the case when k is odd (recall k is known). In this case, only one of the
two sets contains at least (k− 1)/2 agents, for example, the red one.

The agents of each set first of all execute a modification of algorithm GORIGHT for
oriented rings, independently of and ignoring the agents of the other set, terminating this
step as soon as (k− 1)/2 red follower agents gather in the same node: notice that, since k is
odd, there is at most one such node. This node is designated as the red collection point: at
this time, on the whiteboard of this node it is specified which is the left and right direction
of the winning group (in this case, the red one); this direction will be used from now on
as the global orientation of the ring. Next, one of the agents at the collection point node is
designated to be the right-collector. The task of the right-collector is to move rightwards, to
notify all agents on its way that the collection point has been identified, and to go there
for final gathering: notification occurs through the whiteboard, by writing there the safe
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direction to follow to reach the collection point. A second agent from the collection point is
designated as the left-collector: it will behave similarly to the right one, moving leftwards.
Upon being notified, an agent goes safely towards the collection point. As we will show,
at most two agents (possibly none) enter the black hole; all others achieve the gathering
within a finite amount of time. The set of rules describing the algorithm is reported in the
following. All agents at the beginning are explorers (either red or blue).

Algorithm GR-ODD:

1. A red (resp. blue) explorer at node u moves to its right using cautious walk.

(a) if it enters the black hole, it dies;
(b) if it enters a node visited by another red (resp. blue) agent, it becomes a red

(resp. blue) follower, returns to u, making the link safe;
(c) if it enters a node that is a blue (resp. red) collection point, it becomes a blue

(resp. red) follower;
(d) if it enters a node where on the whiteboard there is a message indicating the

direction of the collection point, it becomes notified;
(e) if it enters a node where on the whiteboard there is a message to become

a left-collector, it cancels the message, and it becomes a left-collector;
(f) if it enters an unvisited node, it returns to u. If there are less than (k− 1)/2

red (resp. blue) followers at u, it renders the right link safe and goes again
to the right(u) to continue the cautious walk. If there are at least (k − 1)/2
red (resp. blue) followers at u, it becomes a right-collector; moreover, if u is not
a collection point, it registers this node as the red (resp. blue) collection point
on the whiteboard.

2. A red (resp. blue) follower at node u:

(a) if u is not a collection point and there are less than (k− 1)/2 red (resp. blue)
followers, it moves to its right if its right link is safe;

(b) if u is not a collection point and there are at least (k− 1)/2 red (resp. blue)
followers at u, it registers u as a collection point; if its right link is safe, it
becomes a right-collector, otherwise, it becomes a left-collector;

(c) if u is a collection point and there is no left-collector, then it becomes a left-
collector;

(d) if it enters a node where on the whiteboard there is a message indicating the
direction of the collection point, it becomes notified.

3. The left-collector x travels (using cautious walk when necessary) left, writing on the
whiteboards of every visiting node the instruction to reach the collection point; it does
so until it either dies in the black hole or reaches the last safe node explored by a blue
explorer. In the latter case, the left-collector leaves a message for the blue explorer y,
informing it of the collection point and instructing it to become a left-collector; it then
becomes notified.

4. The rules for the right-collector are exactly those for the left-collector, where “left” and
“right” are switched and so are “blue” and “red”.

5. A notified agent moves in the direction of the collection point.
6. If an agent is at the collection point, and there are both the left-collector and the

right-collector, it enters a terminal state.

Notice that, when an agent writes on the whiteboard, it provides all information
necessary to the others to complete the required computations (e.g., if the left-collector
already left, etc.).

Theorem 6. Within a finite amount of time, a single collection point is formed, and at least k− 2
agents will gather in the collection point.

Proof. Since k is odd, one of the two groups is bigger than k−1
2 . In addition, since all robots

in a group move in the same direction, it follows that exactly one collection point is formed.
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Moreover, by construction, at any point in time there is at most one right-collector and
at most one left-collector, moving in opposite directions. Within a finite amount of time,
there will be exactly one right-collector and exactly one left-collector. After this time, and
within a finite amount of time, all agents not at the collection point and not at (or moving
to) the black hole, are notified by the two collectors. After receiving the notification, an
agent starts safely moving to the collection point, reaching it within a finite amount of time.
Because of the use of cautious walk, at most two agents can enter the black hole, hence at
least k− 2 agents gather at the collection point, thus the theorem follows.

Let us now examine the time costs of algorithm GR-ODD.

Theorem 7. Algorithm GR-ODD terminates in a time of at most 5(n− 2), using at most 3nk/2−
k2/4 + O(n) + o(nk) moves.

Proof. Let t1 be the time when the collection point was formed and let s be the number
of edges explored at time t1. Since traversing one edge using cautious walk takes at most
3 time steps, we obtain t1 ≤ 3s. Let t2 be the time by which every edge non-incident to
the black hole has been traversed by a collector. We obtain t2 ≤ t1 + 3(n− 2− s) + s, since
traversing each of the s already explored edges takes at most one time step. Finally, let t3 be
the time when all agents informed by the collectors arrive to the collection point. Clearly,
t3 ≤ t2 + n− 2 ≤ 3(n− 2) + s + n− 2. Since s ≤ n− 2, we obtain t3 ≤ 5(n− 2).

Let us now consider the number of moves. By Theorem 5 the (k− 1)/2 followers that
triggered the creation of the collection point have spent nk/2− k2/8 + o(nk) moves. The
collectors spend at most 2n moves. The remaining (k− 1)/2 agents might have collected
at the opposite end (spending nk/2− k2/8 + o(nk) moves). Adding the (n− 2)(k− 1)/2
moves sufficient to bring them to the collection point yields the theorem.

3.2.2. k Even

Consider now the case when k is even (recall k is known). We first observe that
RV((k − 2)/2) can always be solved by trivially having each set execute the gathering
algorithm GORIGHT for oriented rings, and terminating it when at least k/2− 1 follower
agents of the same set gather in the same node. To complete the proof, we need to show
that, when k is even, gathering of a greater number of agents cannot be guaranteed.

Lemma 2. If k is even then RV(p) cannot be solved for p > (k− 2)/2.

Proof. Assume first that n is odd. Consider the symmetry axis passing through the BH

and dividing the ring into two sides of equal size (note that when n is odd, the symmetry
axis passes through an edge); denote by v the symmetric image of node v. Consider now
a symmetric but “complemented” distribution of the agents on the two sides of the ring: if
there is a blue agent in node v then there is a red agent in node v (see Figure 3a); thus, to
each agent a with homebase v, corresponds an agent a, of opposite color, with homebase
v. In this distribution, let both neighbors of the BH be occupied by agents. Consider now
a synchronous execution (i.e., every move of an agent takes exactly one time step) of any
solution algorithm, where all agents start at the same time, and where the first move of the
agents neighboring the BH is directed towards the BH. Observe now that, for any move
in a given direction by an agent a, there corresponds a move in the opposite direction by
agent a. In particular, whenever an agent a crosses the symmetry axis, agent a will cross
the axis in the opposite direction. Since after the first step there are (k− 2)/2 agents on
each side (two agents went into the BH), the number of agents on each side will always be
(k− 2)/2, thus rendering RV(p) with p > (k− 2)/2 impossible.

If n is even, choose the symmetry axis to be the line dividing the ring into two sides
of equal size, passing through the link between the BH and its clockwise neighbor v (see
Figure 3b). Force the other link incident to v to be very slow. Since the algorithm does not
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know n, it cannot distinguish this situation from the case of n odd, and the same arguments
as for n odd would apply.

<latexit sha1_base64="OglPtSgAL3qbuKUNPw7Tnx/XYjo=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzGxIncUYkm0scREPiJcyN6yBxv29i67cybkwr+wsdAYW/+Nnf/GBa5Q8CWbvLyZNzvzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ3XO09cGxGrB5wm3I/oSIlQMIpWegxkygkdcYWDcsWtuguQdeLlpAI5moPyV38YszSyXiapMT3PTdDPqEbBJJ+V+qnhCWUTO71nqaIRN3622HhGLqwyJGGs7VNIFupvR0YjY6ZRYDsjimOzWpuL/9V6KYbXfiZUkiJXbPlRmEqCMZmfT4ZCc4ZyagllWthdCRtTTRnakEo2BG/15HXSrlW9q6p7X6s0bvI4inAG53AJHtShAXfQhBYwUPAMr/DmGOfFeXc+lq0FJ/ecwh84nz9g5JC4</latexit>
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red agent
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symmetry axis

<latexit sha1_base64="9WL2W2wjP9uEhMwdrvjKT9rhZH8=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIELmVv2YMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGLVCVAzwSVrGW4E6ySKYRQI9hiMb2b+4xNTmsfywUwS5kc4lDzkFI2V7qtY7Zcrbs2dg6wSLycVyNHsl796g5imEZOGCtS667mJ8TNUhlPBpqVeqlmCdIxD1rVUYsS0n81PnZIzqwxIGCtb0pC5+nsiw0jrSRTYzgjNSC97M/E/r5ua8MrPuExSwyRdLApTQUxMZn+TAVeMGjGxBKni9lZCR6iQGptOyYbgLb+8Str1mndRc+/qlcZ1HkcRTuAUzsGDS2jALTShBRSG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwB8BY1E</latexit>a
<latexit sha1_base64="jk4qoLq+NVThOf/69H8buy06Kv4=">AAAB9XicbVC7TsMwFL0pr1JeBUYWixaJqUo6AGMFC2OR6ENqQ+W4TmvVsSPbAVVR/4OFAYRY+Rc2/ganzQAtR7J0dM49utcniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QSTm8zvPFKlmRT3ZhpTP8IjwUJGsLHSQ7UvrZuFUzyrDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XR+9QydWWWIQqnsEwbN1d+JFEdaT6PATkbYjPWyl4n/eb3EhFd+ykScGCrIYlGYcGQkyipAQ6YoMXxqCSaK2VsRGWOFibFFlWwJ3vKXV0m7XvMuau5dvdK4zusowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PxWjByTPH8AfO5w9bn5Jq</latexit>

a

(a)

<latexit sha1_base64="OglPtSgAL3qbuKUNPw7Tnx/XYjo=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzGxIncUYkm0scREPiJcyN6yBxv29i67cybkwr+wsdAYW/+Nnf/GBa5Q8CWbvLyZNzvzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ3XO09cGxGrB5wm3I/oSIlQMIpWegxkygkdcYWDcsWtuguQdeLlpAI5moPyV38YszSyXiapMT3PTdDPqEbBJJ+V+qnhCWUTO71nqaIRN3622HhGLqwyJGGs7VNIFupvR0YjY6ZRYDsjimOzWpuL/9V6KYbXfiZUkiJXbPlRmEqCMZmfT4ZCc4ZyagllWthdCRtTTRnakEo2BG/15HXSrlW9q6p7X6s0bvI4inAG53AJHtShAXfQhBYwUPAMr/DmGOfFeXc+lq0FJ/ecwh84nz9g5JC4</latexit>

blue agent

<latexit sha1_base64="pxQi5CQI05pqIthnFYuVaNJUaXY=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwX6rLoxmUF+5B2KJlMpg1NMkOSEcrQr3DjQhG3fo47/8a0nYW2Hggczr3n5t4TpoIb63nfaG19Y3Nru7RT3t3bPzisHB23TZJpylo0EYnuhsQwwRVrWW4F66aaERkK1gnHt7N654lpwxP1YCcpCyQZKh5zSqyTHjWLMBkyZQeVqlfz5sCrxC9IFQo0B5WvfpTQTDovFcSYnu+lNsiJtpwKNi33M8NSQsdues9RRSQzQT5feIrPnRLhONHuKYvn6m9HTqQxExm6TknsyCzXZuJ/tV5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOsyKrsQ/OWTV0m7XvMva959vdq4KeIowSmcwQX4cAUNuIMmtICChGd4hTek0Qt6Rx+L1jVUeE7gD9DnD5L1kEE=</latexit>

red agent

<latexit sha1_base64="gN6w2WQBjC2NcquK1cL3rsdW2pA=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl0KtQyxSRnFfEByhL3NXrJkb+/YnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZekEhh0HW/nY3Nre2d3cJecf/g8Oi4dHLaNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD/XGoFR2K+4CZJ14OSlDjuag9NUfxiyNuEImqTE9z03Qz6hGwSSfFfup4QllEzriPUsVjbjxs8WlM3JplSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIMb/1MqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nCKNgRv9eV10q5WvOuKe18t1+p5HAU4hwu4Ag9uoAYNaEILGITwDK/w5kycF+fd+Vi2bjj5zBn8gfP5Aye8jRs=</latexit>

BH

<latexit sha1_base64="XzwYYGiyU19eD41kvjQsWfcBHTQ=">AAAB8nicbVC7TsNAEDzzDOEVoKQ5ESFRRXYKoIygoQwSeUiOFZ0v5+SUe1h3a0Rk5TNoKECIlq+h42+4JC4gYarRzK52duJUcAu+/+2trW9sbm2Xdsq7e/sHh5Wj47bVmaGsRbXQphsTywRXrAUcBOumhhEZC9aJx7czv/PIjOVaPcAkZZEkQ8UTTgk4KZTcGG0weeK2X6n6NX8OvEqCglRRgWa/8tUbaJpJpoAKYm0Y+ClEOTHAqWDTci+zLCV0TIYsdFQRyWyUzyNP8blTBjhxtxOtAM/V3xs5kdZOZOwmJYGRXfZm4n9emEFyHeVcpRkwRReHkkxg0Hj2Px5wwyiIiSOEGu6yYjoihlBwLZVdCcHyy6ukXa8FlzX/vl5t3BR1lNApOkMXKEBXqIHuUBO1EEUaPaNX9OaB9+K9ex+L0TWv2DlBf+B9/gBzSpFb</latexit>

mirror axis

<latexit sha1_base64="z6xCk8I2E/2DBpdC8TyEAsnO6No=">AAAB8HicbVC7SgNBFL0bXzG+opY2g0GwCrsp1DJoYxnBPCRZwuxkNhkyj2VmVglLvsLGQhFbP8fOv3GSbKGJBwYO59zD3HuihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZMeDFdPyGXH/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOYLT9GZUwYoVto9adFc/Z3IsDBmIiI3KbAdmWVvJv7ndVMbX4UZk0lqqSSLj+KUI6vQ7Ho0YJoSyyeOYKKZ2xWREdaYWNdRyZUQLJ+8Slq1anBR9e9qlfp1XkcRTuAUziGAS6jDLTSgCQQEPMMrvHnae/HevY/FaMHLM8fwB97nD9JakGo=</latexit>

slow link
<latexit sha1_base64="9XQ2fEP4j+HcCDeRsipr5DGmtFM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGKUjwQuZG+Zgw17e5fdPRJC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/dbY1Sax/LJTBL0IzqQPOSMGis9lsflXrHkVtwFyDrxMlKCDPVe8avbj1kaoTRMUK07npsYf0qV4UzgrNBNNSaUjegAO5ZKGqH2p4tTZ+TCKn0SxsqWNGSh/p6Y0kjrSRTYzoiaoV715uJ/Xic14Y0/5TJJDUq2XBSmgpiYzP8mfa6QGTGxhDLF7a2EDamizNh0CjYEb/XlddKsVryrivtQLdVuszjycAbncAkeXEMN7qEODWAwgGd4hTdHOC/Ou/OxbM052cwp/IHz+QOb7o1Z</latexit>v

(b)

Figure 3. Mirror symmetric distribution for (a) n odd, and (b) n even.

We now show that, although we cannot guarantee that more than half of the surviving
agents gather, we can however guarantee that all the surviving agents gather within a
distance of 1 from each other. To prove this, we use the following strategy, that we will call
GR-EVEN.

First, each set of agents executes the gathering algorithm GORIGHT for oriented rings,
independently of and ignoring the agents of the other set, and terminates it when (at least)
k/2− 1 follower agents of the same set gather in the same node. Notice that it is possible
that two (but no more than two) such gathering points will be formed; further, notice that
they could be both made of agents of the same color!

Let us concentrate on one of them and assume, without loss of generality, that it is
formed of red agents. By definition, associated with it, there is a red explorer that will
become a right-collector once it realizes the collection point has been formed; among the
followers gathered there, a left-collector has also been selected. Both collectors behave as in
GR-ODD except that, now, each of them could encounter a collector from the other group
(if it exists). Therefore, we need to add the following additional rules:

1. a collector computes and remembers the distance from its collection point. If passing
the role of collector to an explorer, it passes also the distance information;

2. if a collector meets another collector (they must be from different collection points):

(a) if they are of the same color, since they both agree on the same orientation of
the ring, then they agree on a unique site (e.g., the rightmost of the two) as the
final common collection point;

(b) if they are of different colors, if the distance between the collection points
is odd, they agree on the middle node as the final common collection point;
otherwise, each chooses the closest site incident on the middle edge as the final
collection point of its group;

(c) each collector goes back to its group and notifies all the agents there of their
final collection point.

Lemma 3. Strategy GR-EVEN guarantees that (k− 2) agents will either gather in the same node
or gather within a distance of 1.

Proof. If only one collection point is formed, the correctness of GR-EVEN follows from the
correctness of algorithm GR-ODD.

If two collection points are formed, then two collectors moving in opposite directions
will eventually meet, decide on the final collection point (or edge), and inform all the
followers.

The time and movement costs of strategy GR-EVEN can be easily determined.
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Theorem 8. Strategy GR-EVEN terminates in a time of at most 5(n− 2).

Proof. If only one collection point is formed, the argument is the same as in the proof of
Theorem 7, and the time complexity is at most 5(n− 2).

Assume now that two collection points are formed at a distance d from each other
(measuring over part of the ring not containing the BH). Let t1 be the time when the last
collection point is formed and let s be the number of edges explored at that moment. Let
t2 be the time when the two collectors meet, and t3 be the time when all agents gather at
the common collection point or edge. Clearly, t1 ≤ 3s, and t2 ≤ t1 + d/2 + 2(n− 2− s)
(since the collectors that meet travel towards each other, and at most n− 2− s edges must
be traversed using cautious walk). It takes less than d time steps for the collectors to
come back to their collection points to inform the followers (they could have met quite
asymmetrically), and d/2 steps for everybody to come to the new common collection point
(recall, it is in the middle, between the two old collection points); hence, t3 ≤ t2 + 3/2d.
Combining together we obtain t3 ≤ 3s + d/2 + 2(n− 2− s) + 3/2d = 2(n− 2) + 2d + s.
Since d and s are at most n− 2, then t3 ≤ 5(n− 2).

Theorem 9. Strategy GR-EVEN uses at most 3nk/2− k2/4 + o(nk) moves.

Proof. If there is a single collection point, the proof of Theorem 7 applies directly. If there
are two collection points, applying Theorem 5 for the two groups creating collection points
yields 2 × (nk/2 + k2/8) moves. Again, only O(n) moves will be spent by collectors.
Incidentally, the cost of moving the agents from the two collection points to the final
collection point (or pair of points) is (n− 2)(k− 2)/2 regardless of the location of the final
collection point, as both collection points contain the same amount of followers.

Summarizing:

Theorem 10.
1. If k is odd, RV(k− 2) can always be solved.
2. If k is even, RV(p) cannot be solved for p > (k− 2)/2; however, RV((k− 2)/2) can always
be solved.
3. G(k− 2, 1) can always be solved.

4. Gathering When k Is Unknown and n Is Known

We now consider the case when k is unknown. Clearly, by Theorem 3, the ring size n
must be known for any non-trivial gathering to be possible. Let us examine under what
conditions and how the problem can be solved. Since k is unknown, we know by Theorem 2
that there exists no algorithm that solves RV(k− 1), even if n is known. Let us now examine
under what conditions the problem RV(k− 2) can be solved.

4.1. Oriented Rings

We now introduce an algorithm, called SHADOW, quite different from the ones used
when k is known, that solves RV(k− 2) for k ≥ 4 (also refer to the example depicted in
Figure 4).

The overall idea is to associate with each contiguous block of explored nodes a group
of agents, expanding that specific block until either (1) the explored block contains n− 1
nodes (in which case a final collection phase is initiated, whose goal is to collect the agents
into a final designated collection point); or (2) the block merges with a neighboring explored
block (in which case the corresponding groups of agents are combined into one group,
expanding the new, bigger block).

The group of agents expanding a block consists of at least one and at most four agents.
The agents associated with a group are of two kinds: explorers and shadows—at most one of
each type for each direction. The task of the explorers is to expand the explored block in the
opposite directions. The shadows scan the explored block between the explorers, counting
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the size of the block. Their goal is to detect when the block contains n− 1 explored nodes
(each node remembers—i.e., on the whiteboard—which types of agents have visited it
so far).

At the beginning, each explored block consists of a single node containing an agent
starting as an R-explorer, whose task is to expand the block by moving right(·). As the
blocks grow, they eventually touch and their agents are combined, as follows:

• a two-agent block (i.e., created by merging two one-agent blocks) has one R-explorer
and one L-explorer;

• a three-agent block has two explorers (one in each direction) and an R-shadow;
• a four-agent block has two explorers and two shadows (one in each direction);
• any additional agent (e.g., after merging two four-agent blocks) becomes passive.

The main technical difficulty arises from the fact that the whole process is distributed,
asynchronous, and the agents are not immediately aware when their block collides with
another block. In addition, both ends of a block might collide with neighboring blocks at
about the same time, thus complicating the coordination between the agents of the block.

The adopted technique can be seen as aging of agents from initial R-explorer through
L-explorer, R-shadow, L-shadow and finally passive. The goal is to have only one agent of each
type per explored block—whenever an agent learns that there is a more extreme (to the
right for R- agents, to the left for L- agents) agent of the same type, the agent is aged. The
actual algorithm has a few exceptions to this rule, as sometimes the aging has to be delayed
in order to inform waiting shadows to recompute the size of the explored block.

Algorithm SHADOW:
Agent states: R-explorer, L-explorer, R∗-shadow, R-shadow, L∗-shadow, L-shadow, passive, col-
lector; collector and shadow agents maintain counter size. At the beginning all agents are
R-explorer.

Algorithm for agent a:

• R-explorer: Move right using cautious walk as needed until a node v already visited
by a different R-explorer is entered. Become L-explorer.

• L-explorer: Move left using cautious walk as needed until a node v already visited by
an L-explorer is entered. Become R∗-shadow and set sizea to 0.

• R∗-shadow: Move right until the last safe node v is reached, decrementing sizea. If v
has already been visited by an R-shadow, set sizea to 0 and become L∗-shadow. If the
R-shadow is waiting at v, wake it up.
If v has not been visited by an R-shadow, become R-shadow.

• R-shadow: (Starting at the rightmost safe node in its explored part.) If sizea = 0
(i.e., you left this node, traveled across the explored block and returned, and the R-
explorer meanwhile did not explore a new node), wait until woken up by an R∗-shadow
or the R-explorer (which just explored the node to the right and returned to make the
link safe).
In the latter case, become R∗-shadow, otherwise, set sizea = 0 and move left until the
last safe node is reached, counting in sizea the number of nodes traversed.
If sizea = n− 1, then become collector, else become R∗-shadow.

• L∗-shadow: Move left until the last safe node v is reached, decrementing sizea. If v has
already been visited by an L-shadow, become passive (but if the L-shadow is waiting at v,
wake it up before becoming passive).
If v has not been visited by an L-shadow, become L-shadow.

• L-shadow: Analogous to R-shadow, but with reversed directions.
• collector: A collector agent traverses the explored part and collects all the agents on the

way (if an agent meets a collector, it stops its activity and follows the collector). Once
the whole explored part has been traversed (collector counts n− 1 links), k− 2 agents
have been collected and have gathered at the same place. There is a technical detail:
it can happen that both shadows can become collectors. In that case, the gathering
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point is the node where they meet (or, if they crossed each other on a link, the right
endpoint of that link).

• passive: Wait to be collected by a collector.

<latexit sha1_base64="u+kk9C5jLTyuOx30iwrA1u1eK2I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvupV++WKW3PnIKvEy0kFcjT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbTrNe+i5t7VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAzFY0U</latexit>

1
<latexit sha1_base64="oJroHdxd7g6GxbSjuq8l+q08EFA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIEL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwzGNzP/8YlrI2L1gJOE+xEdKhEKRtFK99V6tV+uuDV3DrJKvJxUIEezX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnXa95Fzb2rVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE0mo0V</latexit>

2
<latexit sha1_base64="pI/KMrWvXa7iYFeGNZzoXN/4OpA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rLj31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz82H40W</latexit>

3

<latexit sha1_base64="ritheilqTgBdQGtxqjmoVvYfxDk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rLj31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz83pI0X</latexit>

4

<latexit sha1_base64="L9ct78EdyGNfzy4ijdIKak3oC/o=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsoX5V6x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3WXHvq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AOSmNGA==</latexit>

5
<latexit sha1_base64="0RlFB8H6NlMXsleCh6ajF0BIgVA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWGKUjwQuZG+Zgw17e5fdPRNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/fbT6g0j+WjmSToR3QoecgZNVZ6KNfK/WLJrbgLkHXiZaQEGRr94ldvELM0QmmYoFp3PTcx/pQqw5nAWaGXakwoG9Mhdi2VNELtTxenzsiFVQYkjJUtachC/T0xpZHWkyiwnRE1I73qzcX/vG5qwmt/ymWSGpRsuShMBTExmf9NBlwhM2JiCWWK21sJG1FFmbHpFGwI3urL66RVrXi1intfLdVvsjjycAbncAkeXEEd7qABTWAwhGd4hTdHOC/Ou/OxbM052cwp/IHz+QM6ro0Z</latexit>

6<latexit sha1_base64="KBETnWNNaw9A4ZAQOsZUUBztyMg=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKsSTaWGKUjwQuZG+Zgw17e5fdPRNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/fbT6g0j+WjmSToR3QoecgZNVZ6KNfK/WLJrbgLkHXiZaQEGRr94ldvELM0QmmYoFp3PTcx/pQqw5nAWaGXakwoG9Mhdi2VNELtTxenzsiFVQYkjJUtachC/T0xpZHWkyiwnRE1I73qzcX/vG5qwmt/ymWSGpRsuShMBTExmf9NBlwhM2JiCWWK21sJG1FFmbHpFGwI3urL66RVrXhXFfe+WqrfZHHk4QzO4RI8qEEd7qABTWAwhGd4hTdHOC/Ou/OxbM052cwp/IHz+QM8M40a</latexit>

7

<latexit sha1_base64="+rDmk9u/hleMQ6PAgp70kpECL9Q=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpSTaWGKUjwQuZG+Zgw17e5fdPRNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/fbT6g0j+WjmSToR3QoecgZNVZ6KNfK/WLJrbgLkHXiZaQEGRr94ldvELM0QmmYoFp3PTcx/pQqw5nAWaGXakwoG9Mhdi2VNELtTxenzsiFVQYkjJUtachC/T0xpZHWkyiwnRE1I73qzcX/vG5qwpo/5TJJDUq2XBSmgpiYzP8mA66QGTGxhDLF7a2EjaiizNh0CjYEb/XlddKqVryrintfLdVvsjjycAbncAkeXEMd7qABTWAwhGd4hTdHOC/Ou/OxbM052cwp/IHz+QM9uI0b</latexit>

8

<latexit sha1_base64="u+kk9C5jLTyuOx30iwrA1u1eK2I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvupV++WKW3PnIKvEy0kFcjT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbTrNe+i5t7VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAzFY0U</latexit>

1
<latexit sha1_base64="oJroHdxd7g6GxbSjuq8l+q08EFA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIEL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwzGNzP/8YlrI2L1gJOE+xEdKhEKRtFK99V6tV+uuDV3DrJKvJxUIEezX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnXa95Fzb2rVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE0mo0V</latexit>

2
<latexit sha1_base64="pI/KMrWvXa7iYFeGNZzoXN/4OpA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rLj31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz82H40W</latexit>

3

<latexit sha1_base64="ritheilqTgBdQGtxqjmoVvYfxDk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rLj31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz83pI0X</latexit>

4

<latexit sha1_base64="L9ct78EdyGNfzy4ijdIKak3oC/o=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsoX5V6x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3WXHvq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AOSmNGA==</latexit>

5
<latexit sha1_base64="0RlFB8H6NlMXsleCh6ajF0BIgVA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWGKUjwQuZG+Zgw17e5fdPRNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/fbT6g0j+WjmSToR3QoecgZNVZ6KNfK/WLJrbgLkHXiZaQEGRr94ldvELM0QmmYoFp3PTcx/pQqw5nAWaGXakwoG9Mhdi2VNELtTxenzsiFVQYkjJUtachC/T0xpZHWkyiwnRE1I73qzcX/vG5qwmt/ymWSGpRsuShMBTExmf9NBlwhM2JiCWWK21sJG1FFmbHpFGwI3urL66RVrXi1intfLdVvsjjycAbncAkeXEEd7qABTWAwhGd4hTdHOC/Ou/OxbM052cwp/IHz+QM6ro0Z</latexit>

6
<latexit sha1_base64="KBETnWNNaw9A4ZAQOsZUUBztyMg=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKsSTaWGKUjwQuZG+Zgw17e5fdPRNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/fbT6g0j+WjmSToR3QoecgZNVZ6KNfK/WLJrbgLkHXiZaQEGRr94ldvELM0QmmYoFp3PTcx/pQqw5nAWaGXakwoG9Mhdi2VNELtTxenzsiFVQYkjJUtachC/T0xpZHWkyiwnRE1I73qzcX/vG5qwmt/ymWSGpRsuShMBTExmf9NBlwhM2JiCWWK21sJG1FFmbHpFGwI3urL66RVrXhXFfe+WqrfZHHk4QzO4RI8qEEd7qABTWAwhGd4hTdHOC/Ou/OxbM052cwp/IHz+QM8M40a</latexit>

7

<latexit sha1_base64="+rDmk9u/hleMQ6PAgp70kpECL9Q=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpSTaWGKUjwQuZG+Zgw17e5fdPRNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/fbT6g0j+WjmSToR3QoecgZNVZ6KNfK/WLJrbgLkHXiZaQEGRr94ldvELM0QmmYoFp3PTcx/pQqw5nAWaGXakwoG9Mhdi2VNELtTxenzsiFVQYkjJUtachC/T0xpZHWkyiwnRE1I73qzcX/vG5qwpo/5TJJDUq2XBSmgpiYzP8mA66QGTGxhDLF7a2EjaiizNh0CjYEb/XlddKqVryrintfLdVvsjjycAbncAkeXEMd7qABTWAwhGd4hTdHOC/Ou/OxbM052cwp/IHz+QM9uI0b</latexit>

8

<latexit sha1_base64="u+kk9C5jLTyuOx30iwrA1u1eK2I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvupV++WKW3PnIKvEy0kFcjT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbTrNe+i5t7VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAzFY0U</latexit>

1

<latexit sha1_base64="oJroHdxd7g6GxbSjuq8l+q08EFA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIEL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwzGNzP/8YlrI2L1gJOE+xEdKhEKRtFK99V6tV+uuDV3DrJKvJxUIEezX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnXa95Fzb2rVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE0mo0V</latexit>

2
<latexit sha1_base64="pI/KMrWvXa7iYFeGNZzoXN/4OpA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rLj31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz82H40W</latexit>

3

<latexit sha1_base64="ritheilqTgBdQGtxqjmoVvYfxDk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rLj31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz83pI0X</latexit>

4

<latexit sha1_base64="L9ct78EdyGNfzy4ijdIKak3oC/o=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsoX5V6x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3WXHvq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AOSmNGA==</latexit>

5<latexit sha1_base64="0RlFB8H6NlMXsleCh6ajF0BIgVA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWGKUjwQuZG+Zgw17e5fdPRNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/fbT6g0j+WjmSToR3QoecgZNVZ6KNfK/WLJrbgLkHXiZaQEGRr94ldvELM0QmmYoFp3PTcx/pQqw5nAWaGXakwoG9Mhdi2VNELtTxenzsiFVQYkjJUtachC/T0xpZHWkyiwnRE1I73qzcX/vG5qwmt/ymWSGpRsuShMBTExmf9NBlwhM2JiCWWK21sJG1FFmbHpFGwI3urL66RVrXi1intfLdVvsjjycAbncAkeXEEd7qABTWAwhGd4hTdHOC/Ou/OxbM052cwp/IHz+QM6ro0Z</latexit>

6

<latexit sha1_base64="KBETnWNNaw9A4ZAQOsZUUBztyMg=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKsSTaWGKUjwQuZG+Zgw17e5fdPRNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/fbT6g0j+WjmSToR3QoecgZNVZ6KNfK/WLJrbgLkHXiZaQEGRr94ldvELM0QmmYoFp3PTcx/pQqw5nAWaGXakwoG9Mhdi2VNELtTxenzsiFVQYkjJUtachC/T0xpZHWkyiwnRE1I73qzcX/vG5qwmt/ymWSGpRsuShMBTExmf9NBlwhM2JiCWWK21sJG1FFmbHpFGwI3urL66RVrXhXFfe+WqrfZHHk4QzO4RI8qEEd7qABTWAwhGd4hTdHOC/Ou/OxbM052cwp/IHz+QM8M40a</latexit>

7

<latexit sha1_base64="+rDmk9u/hleMQ6PAgp70kpECL9Q=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpSTaWGKUjwQuZG+Zgw17e5fdPRNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/fbT6g0j+WjmSToR3QoecgZNVZ6KNfK/WLJrbgLkHXiZaQEGRr94ldvELM0QmmYoFp3PTcx/pQqw5nAWaGXakwoG9Mhdi2VNELtTxenzsiFVQYkjJUtachC/T0xpZHWkyiwnRE1I73qzcX/vG5qwpo/5TJJDUq2XBSmgpiYzP8mA66QGTGxhDLF7a2EjaiizNh0CjYEb/XlddKqVryrintfLdVvsjjycAbncAkeXEMd7qABTWAwhGd4hTdHOC/Ou/OxbM052cwp/IHz+QM9uI0b</latexit>

8

<latexit sha1_base64="u+kk9C5jLTyuOx30iwrA1u1eK2I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvupV++WKW3PnIKvEy0kFcjT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbTrNe+i5t7VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAzFY0U</latexit>

1

<latexit sha1_base64="oJroHdxd7g6GxbSjuq8l+q08EFA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIEL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwzGNzP/8YlrI2L1gJOE+xEdKhEKRtFK99V6tV+uuDV3DrJKvJxUIEezX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnXa95Fzb2rVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE0mo0V</latexit>

2
<latexit sha1_base64="pI/KMrWvXa7iYFeGNZzoXN/4OpA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rLj31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz82H40W</latexit>

3

<latexit sha1_base64="ritheilqTgBdQGtxqjmoVvYfxDk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rLj31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz83pI0X</latexit>
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Figure 4. An example for Algorithm SHADOW, where the ring is assumed to be oriented clockwise,
with 8 agents. The empty circles represent active agents; the white squares are the explorers, the grey
squares the shadows, and the black squares the passive agents. The bold line shows the segments
delimited by the explorers. The numbers are placed only to clarify how the agents move and are not
used at all during the computation.

Lemma 4. Within a finite amount of time all nodes will be explored, there will be only one R-
explorer and one L-explorer, and they will both enter the black hole.

Proof. Consider the rightmost agent. From construction, it will remain an R-explorer until it
reaches the BH. Any other R-explorer will eventually become an L-explorer. The leftmost of
those will remain an L-explorer and will eventually enter the BH, all others will become an
R∗-shadow. Of those, the rightmost one will eventually become an R-shadow, any remaining
one will become an L∗-shadow. Finally, out of those, the leftmost one will become an
L-shadow, all others will become passive.

Let v be an arbitrary node. If there was an agent to the left of v in the initial configura-
tion, the closest such agent a will reach v as an R-explorer. If there were no agents to the left
of v, the leftmost L-explorer would eventually explore it.

Lemma 5. Eventually, at least one agent will become a collector.

Proof. Consider the rightmost R-shadow a (since k ≥ 4 and from the proof of Lemma 4 we
know that there will be an R-shadow). From construction, a will remain an R-shadow (more
precisely, alternating between R-shadow and R∗-shadow) until it becomes a collector or itself
is collected by a collector. It remains to be proven that a will not be blocked, forever waiting
for the next node to the right to be explored.

Applying Lemma 4, we know that eventually there will be a single explored block.
Consider the last step leading to an explored block of n− 1 nodes. If the explored block
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reaches n− 1 nodes by exploring the rightmost node, either a is waiting in the rightmost
safe node (in which case it will be awakened by the R-explorer and will traverse the n− 1
explored nodes to become a collector), or is currently scanning the explored block and
will eventually return to the (new) rightmost explored node, notice that the block has
been expanded, and re-scan it. A similar argument applies to the leftmost L-shadow if the
explored block reaches n− 1 nodes by exploring the leftmost node. Finally, if the explored
block reaches size n− 1 by the merging of two blocks, either a will detect that directly, or
will be awakened by the R∗-shadow created by the collision of the blocks and re-scan to
become a collector.

We can finally state the following:

Theorem 11. Let k ≥ 4. Algorithm SHADOW solves RV(k− 2) in 8(n− 2) time steps, using at
most 4n2 + nk− k2/2 + O(n) + o(k2) moves.

Proof. The correctness of the algorithm follows from Lemmas 4 and 5, and from the action
of the collector agent.

Consider now the time steps of the algorithm. Let s0 be the position of the leftmost
agent (measured from the BH, going right) and s1 be the position of the second leftmost
agent. Then, at time 3(s1− s0) the leftmost agent becomes an L-explorer and enters the BH at
time 3s+ 4(s1− s0). If only the leftmost agent woke up spontaneously, it takes 3(n− s0− 1)
time step for the right exploration to reach the BH. Therefore, all nodes are explored by
time max(3s + 4(s1 − s0), 3(n− s0 − 1)) < 4(n− 2). Note also, that by time 3(n− s0 − 1)
there is a single R-explorer, as all other R-explorer agents would have entered a node already
visited by an R-explorer. This also means that, by time 3(n− s0 − 1) + n− 2 < 4(n− 2)
there will remain only one L-explorer, i.e., all other agents have become shadows. This
means by time 5(n− 2) there will remain a single right shadow (R∗-shadow or R-shadow)
and by time 6(n− 2) there will be a single left shadow. If a shadow initiates a scan after
time 4(n− 2), it will detect that n− 1 nodes have been explored and will become a collector.
The algorithm would then terminate in at most n− 2 additional steps. An unsuccessful
scan (without becoming a collector) takes at most 2(n− 3) steps, therefore a successful scan
would be initiated at time less than 6(n− 2) and the algorithm would terminate by time
8(n− 2).

Consider now the number of moves employed by the agents. First, note that at most
O(n) moves are performed by the explorers. Let us now count the number of moves
executed by all agents in states R∗-shadow and R-shadow. Let us call recharge the events of
an R-shadow being awakened by an R∗-shadow or R-explorer. Note that, there are at most
2n recharge events for all right shadows, as in each event either an R∗-shadow becomes an
L∗-shadow, or the R-explorer has made progress. Moreover, an R-shadow (or R∗-shadow) can
make at most 2(n− 2) moves between recharges—if it is not recharged it turns into an
L∗-shadow. This means that the total number of moves by all agents in states R-shadow and
R∗-shadow can be bound by 2n2. Using analogous arguments, it is easy to see that the total
number of moves by all agents in states L-shadow and L∗-shadow is at most 2n2 as well. The
total cost of collection can be bound by nk− k2/2 + o(k2), using similar arguments as in
the proof of Theorem 7.

4.2. Unoriented Rings

Interestingly, we discover for the unoriented case better conditions than those we have
found when k was known instead of n. As in the oriented case, let us consider k ≥ 4.

The main ideas of algorithm SHADOW carry over to algorithm UN-SHADOW, how-
ever, several technicalities have to be dealt with differently, due to lack of agreement on
orientation. Again, we color the agents red and blue according to their initial orientation.
In general, the agents follow algorithm SHADOW, ignoring the agents of the different color,
however, these exceptions apply:
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1. when an R-explorer comes to a node already visited by an L-explorer of the opposite
color, it becomes an R∗-shadow;

2. when an L-explorer comes to a node already visited by an R-explorer of the opposite
color, it becomes an R∗-shadow;

3. the L- and R- for shadows are used only for aging purposes. The tests are made against
the shadows working in the same direction. For example, when a red R∗-shadow a
arrives to the last explored node v in its direction, it checks whether v has been visited
by a red R-shadow or blue L-shadow. If yes, a becomes an L∗-shadow (and possibly
awakens the shadow at v, regardless of its color), otherwise a becomes an R-shadow;

4. when (if) two collectors cross each other on an edge, they may not agree on which end-
point to meet (if the situation is symmetric), therefore, only G(k− 2, 1) is guaranteed,
not RV(k− 2).

Note that if all agents are of the same color, the algorithm UN-SHADOW behaves
exactly as algorithm SHADOW and its correctness follows. Therefore, in the rest we assume
there is at least one agent of each color. Let us also assume that a red R-explorer moves to
the right and a blue R-explorer moves to the left.

Lemma 6. Within a finite amount of time, all nodes will be explored.

Proof. Consider an initial configuration. Let v be an arbitrary node and let al and bl be the
closest and second closest agents to v from the left, and ar and br be the closest agents from
the right, respectively. (Not all of them might be present, but at least one side has at least
two agents—because k ≥ 4.)

From construction, if al or bl is a red agent, it will travel to the right and either reach v
or meet a left-moving agent that already visited v. Similarly, v will be explored if ar or br
is blue.

Without loss of generality, assume the left side has at least two agents and both al and
bl are blue. bl starts moving left as an R-explorer and when it enters the starting node of al ,
it will become an L-explorer and start moving right. Therefore, v will eventually be explored
either by bl or by an agent coming from the right.

Lemma 7. Within a finite amount of time, an agent will become a collector.

Proof. Since the only time an agent is waiting is either when it is passive, or as an R-shadow
or L-shadow, and because k ≥ 4, eventually there will be a shadow for the right direction
(red R-shadow or blue L-shadow) and a shadow for the left direction. The rightmost such
right shadow and the leftmost left shadow will not age anymore, because other shadows
will age due to their rightmost/leftmost mark.

When all nodes become explored (Lemma 6 tells us that this will eventually happen),
at least one of those extreme agents will be awakened, traverse the explored nodes, and
become a collector (using the same arguments as in Lemma 5).

Consider first the case when k is odd or n is even.

Lemma 8. There will be a unique collection point.

Proof. If there is only one collector, there will be a single collection point—when the collector
traveled n− 1 nodes. If there are two collectors, when they meet, they can agree on the
collection point: if n is even, they select the point directly opposite to the BH; if k is odd,
the two groups of agents have a different size, and the two collectors agree on a single
collection point by exploiting this asymmetry.

From Lemma 8, we have:

Corollary 1. At least k− 2 agents will gather in the collection point.
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Consider now the case when k is even and n is odd.

Lemma 9. If k is even and n is odd, then RV(p) cannot be solved with p > (k− 2)/2.

Proof. Consider a ring where k/2 red entities are positioned at one side of the black hole,
and k/2 blue agents are on the other side. Consider now a synchronous scheduler that
sends the two agents closest to the black hole to move towards the black hole; under this
scheduler there will always be the same number of agents at the two sides of the ring.

Lemma 10. If k is even and n is odd, then RV(p), RV((k− 2)/2), and G(k− 2, 1) can be achieved.

Proof. From Lemma 7 we know that there will be a collector, however, there might be two
of them—one for each direction. A single collector would collect k− 2 agents. If there are
two collectors, at the moment they meet (or cross each other on a link), both RV((k− 2)/2)
and G(k− 2, 1) are achieved.

Combining Lemmas 1, 9, and 10 yields the following:

Theorem 12.
1. If k is odd or n is even, RV(k− 2) can always be solved
2. If k is even and n is odd, RV( f (k)) cannot be solved for p > (k− 2)/2; however, RV((k− 2)/2)
can always be solved.
3. G(k− 2, 1) can always be solved.

Since the algorithm UN-SHADOW differs from the algorithm SHADOW only by acceler-
ated aging and final collection, the proof of Theorem 11 carries almost without changes
also for UN-SHADOW.

Theorem 13. The algorithm UN-SHADOW for unoriented rings terminates in at most 8(n− 2)
time steps, using at most 4n2 + nk− k2/2 + O(n) + o(k2) moves.

5. Conclusions

In this paper we studied the problem of gathering of mobile agents in a ring network in
the presence of a black hole, and established a complete characterization of the conditions
under which the problem can be solved. In particular, we determined the maximum
number of agents that can be guaranteed to gather in the same location, depending on
whether k or n is unknown. These results are tight: in each case, gathering with one
more agent is deterministically unfeasible. All our possibility proofs are constructive: we
provided mobile agent algorithms that allow the agents to gather within a predefined
distance under the specified conditions. The analysis of the time costs of these algorithms
showed that they are optimal. Among the interesting observations from our results, let us
stress the facts that either k or n must be known, that not knowing k makes the problem
much harder than not knowing n, and that parity of n and k influences the number of
agents that can gather.

Our gathering algorithm for the case of unknown k is also a solution for the black hole
location problem. Interestingly, its bounded time complexity is Θ(n); this is a significant
improvement over the O(n log n) bounded time complexity of the existing algorithms for
the same case.

The results for the case k unknown assumed k ≥ 4. If the number of agents is 3 (but
unknown), from Theorem 2 it follows that at most 1 agent can gather. In such a case, the
algorithm of [13] can be modified to solve the problem; however, its time complexity is at
least O(n log n). Proving that it is impossible to perform gathering in O(n) time—if it is
not known that there are at least 4 agents—is an interesting open problem.

In this paper, we have assumed that, initially, all agents are at distinct nodes. If this
is not the case, in each node where initially there is more than one agent, one of them can
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become “leader” (e.g., using the fair mutual exclusion of accessing the whiteboard), and
the others will “follow the leader” (except on unsafe links). With careful attention to details,
all the proposed algorithms can be modified to correctly handle this situation.

These results open several research directions. In particular, it would be interesting
to investigate the gathering problem in the presence of a black hole in networks whose
topology is more complex (e.g., hypercubes) or unknown (e.g., arbitrary biconnected
graphs). Moreover, an entire unexplored research area is the examination of problems other
than gathering (e.g., scattering, pattern formation) in the presence of a black hole, both in
synchronous and asynchronous networks.
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